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Balanced Spanning Trees
in Complete and Incomplete Star Graphs

Tzung-Shi Chen, Member, IEEE Computer Society, Yu-Chee Tseng, Member, IEEE
Computer Society, and Jang-Ping Sheu, Member, IEEE Computer Society

Abstract—Efficiently solving the personalized broadcast problem in an interconnection network typically relies on finding an
appropriate spanning tree in the network. in this paper, we show how to construct in a complete star graph an asymptotically
balanced spanning tree, and in an incomplete star graph a near-balanced spanning tree. In both cases, the tree is shown to have
the minimum height. In the literature, this problem has only been considered for the complete star graph, and the constructed tree is

about 4/3 times taller than the one proposed in this paper.

Index Terms—Balanced spanning tree, interconnection network, paraliel architecture, personalized broadcast, star graph.

1 INTRODUCTION

HE star graph interconnection network was first pro-

posed in [1], and since then it has received increasing
attention. The star graph has been considered as an attrac-
tive alternative to the widely accepted hypercube as the
network architecture for parallel processing. Part of the
reason is its lower node degrees as opposed to the hyper-
cubes. Large references can be found in studying the star
graph regarding such as its topological properties [3], em-
bedding capability [5], [9], [10], communication capability
[2], {71, [8], [11], [12], and even the use of incomplete star
graphs [6].

There have been intensive studies on the collective com-
munication in a star graph. In an n-star (or S,), assuming
that a node can send and receive at most one message at a
time, the algorithms in [2], [7], [12] require O(n log 1) time
to perform one-to-all broadcasting. However, if a node can
send and receive messages concurrently along all commu-
nication ports, the algorithm in [11] needs 2n — 3 steps to
broadcast a message, and needs O(n + m) steps to broadcast
a sequence of m messages in a pipelined fashion. A system-
atic way to find a greedy spanning tree in an n-star was
proposed in [3], thus implying the realization of one-to-all

broadcast in I_@J steps. An all-to-all broadcasting algo-
rithm was proposed in [7], which has a time complexity of
O(n’). Note that all these results are only regarding to the

sending of nonpersonalized messages. In the personalized
broadcast problem, a source node has N — 1 distinct mes-

o T.-S. Chen is with the Department of Information Management, Chang
Jung University, Tainan, Taiwan, Republic of Chmu
E-mail: chents@mail.cju.edu.tw.

o Y.-C. Tseng is with the Department of Computer Science, Chung-Hua
Polytechnic Institute, Hsin-Chu, 30067, Taiwan, Republic of China.
E-mail: yctseng@chpi.edu.tw.

e ].-P. Sheu is with the Department of Computer Sczence and Information
Engineering, National Central University, Chung-Li 32054, Taiwan, Re-
public of China. E-mail: sheujp@mbox.ee.ncu.edu.tw.

Manuscript received Oct. 3, 1994; revised Aug. 12, 1995.
For information on obtaining reprints of this article, please send e-mail to:
transpds@computer.org, and reference IEEECS Log Number D95201.

sages, each to be sent to one of the other nodes in the net-
work, where N is the network size. This problem can be
further classified as one-to-all and all-to-all personalized
broadcast. Applications of such broadcast include the fast
Fourier transformation (FFT) and matrix algorithms.

In this paper, we consider the problem of constructing a
balanced spanning tree in a star graph. A balanced tree is
one in which the degree of the root node is maximized and
every subtree of the root node has approximately the same
number of nodes. One important application of such a tree
is to perform one-to-all personalized broadcast in a net-
work. For instance, if a node is to perform a one-to-all per-
sonalized broadcast, then it can construct a spanning tree
rooted at itself and deliver messages according to the
structure of the tree. The communication bottleneck is on
the outgoing links (edges) from the source node. If a bal-
anced tree is used, then all outgoing links from the root will
transmit about the same number of personalized messages,
thereby incurring even load on these links and thus mini-
mizing the transmission time. Constructing a balanced
spanning tree has been considered for star graphs in [3] and
for hypercubes in [4]. In this paper, we present results for
both complete and incomplete star graphs. The 1ncomplete
star graph under consideration is the class (" (defined
later) proposed in [6]. The class C"" is more scalable in
network size than the original class S,, while at the same
time still keeps a diameter equal to that of an S,.

Given a complete S,, we show how to construct from
any root node a spanning tree that is asymptotically bal-

anced and has a minimum height of Lé(ﬁz’lJ To evaluate

how balanced the tree is, we use a measure called of balance
factor, which is defined to be the ratio of the size of the larg-
est subtree of the root to that of the smallest subtree. This
factor indicates how much more transmission time the root
node requires to send personalized messages on the link to
the largest subtree to that on the link to the smallest sub-
tree. A perfectly balanced tree will have a balance factor
equal to, or close to, 1. The balance factor of our tree quickly
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converges to 1 as n increases. For incomplete stars in the
class " 71, our spanning tree is near-balanced and also has a
minimum height.

Our result has implied how to perform personalized
broadcast efficiently in both S, and C* ~! In the literature,
this problem has only been considered for the complete star
graph in [3], where an asymptotically balanced tree is pro-
posed. The height of the tree is 21 — 3, which is about 4/3
taller than ours. The tree, when used for personalized
broadcast, may incur more traffic than ours. Furthermore,
the height, say &, of a tree sets a lower bound of 17 on the
time complexity, if one is to use the tree to solve any kind of
communication problem, where 7 is the start-up time to
injtiate a message along a communication link. This factor
is of particular importance in recent machines because in
current technology the start-up overhead is typically higher
than the data transmission overhead by an order or more.

The rest of this paper is organized as follows. Prelimi-
naries about the complete and incomplete star graphs are
given in Section 2. Our tree construction scheme is pre-
sented in Section 3. Conclusions are drawn in Section 4.

2 PRELIMINARIES

An n-dimensional star graph, also referred to as n-star or S, is
an undirected graph consisting of n! nodes (or vertices) and
(n - Dn!t/2 edges. Fach node is uniquely assigned a label
X1X, -~ X, which is the concatenation of any permutation of
n distinct symbols {x;, x,, ..., x,}. Two nodes are joined by
an edge along dimension 4 iff the label of one node can be
obtained from the other by swapping the first symbol and
the dth symbol, 2 < d < n. Without loss of generality, let
these n symbols be {1, 2, ..., n}. With these edges, we define
n — 1 functions g, d = 2 ... n, such that if ¥ and v are two
nodes joined by an edge along dimension d, then g,(u) = v
and g,(v) = u. For instance, g,(12345) = 42315. The ith sym-
bol of a node x’s label may be denoted as x[i]. It is known
that S, is node- and edge-symmetric and has a diameter of
L#J More topological properties of the star graph can
be found in [1].

Consider an S,. Let sy, s,, ..., 5, be k distinct symbols.
Let p1, pa, ..., pi be k distinct integers each indicating a po-
sition in a node label, p; € {1, 2, ..., n}, 1 £i < k. We define
S:(sf1 ,55%, ..., st%) to be the subgraph of S, with vertex set:

V(s

P1 P2 Pyl — — .
510,85%, ..., 5 ))——{x]xz xn)xpx_ =s,1=1.. k}.

Intuitively, we fix the symbol at position p; withs;, i =1 ...
k, and arbitrarily change the rest symbols. For any two
nodes u and v in the vertex set, an edge (4, v) is intro-

duced in S:(sfl,sgz, ...,sp¥) iff it is an edge in S,. For in-
stance, 55(32, 14) consists of nodes 2341 and 4321 and an
edge (2341, 4321). In fact, it is not hard to verify that if p; 2 2

for all i, then S<(s!*, i

Y1, sh2, ..., sh) is an (n — k)-star. Such a

structure is usually referred to as a substar or (n — k)-substar

k

of 5. Occasionally, we may denote S,

(sfr,sb>, ..., s0") by a

sequence XX, ... x, such that for all 7 = 1 ... k symbol

X, =5, and forallj ¢ {p, p,, ..., pi} symbol x; = ¥, where a
* means a “don’t care.” For instance, SZ(BZ, 14) may be
written as *3*1.

One of the reasons making the star graph so attractive is
its recursive nature. For example, an S, can be partitioned
into n(n — 1)-substars, Si(l”), S}l(Zn), .ﬂ.,S:l(n"). Each of
these substars can be further partitioned into n — 1 (n — 2)-
substars. This is also the most common and straight-
forward recursive technique that has been used so far (e.g.,
[2], 3], [7], [11]). In the following lemma, we describe a
very different way to partition an S,. It turns out that such a

partitioning is critical to construct a tree of a minimum
height.

LEMMA 1. An S, can be partitioned into (disjoint) substars A,
B;;, C;;, and R as defined below:
a) A=S.31"Y,
b) B =S, j VT 422, ) forall 1<
<jsn—1(thatis, B;=" %[+ DG +2) --- n),
9 C, =S, " forall1<i<nand2<j<n-—1such
that j# i, and
d) R=12..n
PROOF. Recall that S, can be partitioned
SHI™,SH2M, ..., Sh(n™). A is the first substar. The

lemma is obtained by further partitioning the rest
substars.

substars

Now we prove that the second, third, ..., (n — Dth
substars are partitioned into C;s. Observe that C;; is
the substar with symbol i fixed at position j and sym-
bol j fixed at position n such that i # j. For a fixed j, the
n — 1 substars C;; for all possible values of i together

form the substar 531( j ). This proves our claim.

The last substar Si(n”) will be partitioned recur-
sively. We first partition it into # — 1 substars
S, ™), 822", n"), .., 52 n =11, n") (of dimen-

sion 1 — 2). Clearly, the first n — 2 substars are B;,_,, i =
1 .. n — 2. The remaining substar is S,z,(n —l"”],n”).

We then partitioned it into n — 2 substars
Si(ln—z, n— 1n-—]/ nn)/ Ss(zn—Z, 71— 111—1/ nn),
...,Si(n —2"2 1 ).

Again, the first n — 3 substars are B;, ,, i=1..n - 3.
The remaining substar is S (n—2""7,n—1"",n"),
which can be recursively partitioned as above. Finally,
a l-substar 5271(22, 30" will be left unparti-
tioned, which is the substar R. Hence the lemma. O
EXaMPLE 1. By Lemma 1, an S¢ can be partitioned into the

following 32 substars, ordered from larger ones to
smaller ones:
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A — ***’(‘*l

CllZ:*]***z C3/2:>(-3>E>(->(-2 C4’2=>(-4>(->(->{-2 C5/2=>(-5>(->(->P2
C6,2:>66>I-*>(-2

CllS:**l**s C2,3:>(~>E2>{->{-3 C4/3:>f>€4>€~>&3 C5}3=**5**3
C6’3=>(->(-6>{->l-3

C1,4:***1*4 C2’4:***2*4 C3/4:>(->(-x-3*4 C5/4:>e>(->(-5>(-4
C6,4:>ex~>e6=f-4

Clls:**ﬁ(—*]5 CZlS:X-**X-ZS C3/5:>{-X—>ﬁ<*35 C4/5:>FX->P>(-45
C6,5=>!->(~>(->(-65

Buo=***%16 Byo=****26 Byy=***%36 Byym****46
Bia=***156 B,,=***256 By,=***356
Bi,=**1456 B,,=**2456

B,=*13456

R =123456

Next, we introduce a class of incomplete star graphs
proposed in [6] called C"”. The class C*" consists of 1 — 1
graphs. The kth member, k=2 ... , is denoted as C™'(k) and
has the vertex set

n
vic™w)= U v(siin)-
i=n—k+1

For any two nodes # and v in C*(k), edge (1, v) is introduced
in C" (k) iff it is an ed$e in the original S,. Thus, C""'(k) is a
subgraph of S, and C""'(n) = S,. Each C"™'(k) has (1 — 1)! more
nodes than C"'(k — 1). As an S, has (n = 1)(n — 1)! more
nodes than S, _;, the introduction of these incomplete stars
makes the original star graphs incrementally more scalable.
Several interesting topological properties of C"™' have been
proven in [6], one of which states that the diameter of
C"'(k) is the same as S,,.

3 CONSTRUCTING BALANCED SPANNING TREES

3.1 Basic Idea

In the literature, the most commeon technique to find a span-
ning tree in a star graph is by recursion. For example, to con-
struct a spanning tree rooted from node r in an S,, we can

1) partition S, into substars S,(1"), S,(2"), ..., Si(n"),

2) construct a path from r to a representative node in each
of these substars except the one where 7 is resident,

3) recursively construct a tree in each of the above sub-
stars by regarding the representative node as the root.

Several works (e.g., the broadcast trees [2], [11] and the
balanced tree [3]) essentially follow the above recursive
rules. Observe that the dimension of the stars is reduced by
1 after each recursive step and the path constructed in step
2) would be as long as 2. Thus, the final tree will have a
height ~ 2n. Unfortunately, this height is not optimal for

the diameter of S, is L@J

In our scheme, in each recursion, we will also construct
from r a number of paths, each connected to a representa-
tive node of some substar. However, the substars are parti-
tioned according to Lemma 1. Most importantly, these
paths will have a length < 3. A path of length 1 must con-
nect to a substar of dimension <7 — 1, and a path of length
2 or 3 must connect to a substar of dimension < 1 — 2. Re-
cursively applying this rule, a tree of an optimal height can
be found.

3.2 Complete Stars

Given an S, and any node 7, our purpose in this section is to
construct from S, a balanced spanning tree called BT(r, S,)
rooted from r. As star graphs are node-symmetric, it suf-
fices to show the case of r = 12 --- n. The balanced spanning
tree rooted from any node 7 # 12 ... 1 can be obtained from
BT(12 -+ n, S,) by substituting symbol r[i] for each occur-
rence of symbol 7 in all node labels, where i =1 ... 1.

The construction of BT(r, S,) is by induction on n. The
induction base is BT(1, S;) = S; and BT(12, S,) = S,. For the
induction hypothesis, we assume that spanning tree
BT(12 --- i, S5) has been constructed for any i < n — 1. The
following is the outline of the induction step to establish
BT(r, S,), wherer =12 -+ n.

1) Build a tree ¥ rooted from r. The tree \¥ is a subgraph
of S, and has a height of 3.

2) Partition ¥ into a number of disjoint subtrees such that
each subtree is associated with one of the substars of S,
as defined in Lemma 1 in a one-to-one manner.

3) Following step 2, consider each subtree, say, T of ¥
and its associated substar, say, S,. We designate a
node t as the root of T. As k < n - 1, by the induction
hypothesis we can construct a spanning tree BT(t, S))
in S;. Our final tree BT(r, S,) is then obtained by at-
taching each BT(t, S;) to ¥ through the node ¢. It is to
be noted that our yet-to-be-presented scheme will
guarantee that T “matches” BT(t, Sp) in the following
sense:

Tree T is a subgraph of tree BT(t, Sy).

So the above attaching process will not create any re-
dundant node or cycle, and BT(r, S,) is really a span-
ning tree of S,,.

To realize the above steps, we first define some nodes

neighboring to r. For eachi =2 ... nand j = 2 ... n such that
i#j, define

a;=g{r) 1

b,‘,] =g l‘(ﬂf) (2)
gn(bi/') lf] #1

Cif ) {gt(bt/]) ifj =n ®

The tree ¥ is defined as follows:

V(¥) ={r a,b e

1805, G
E) ={(ra) {a. b)) (b e i=2 nj=2  nizj}

For instance, Fig. 1 shows the tree ¥ rooted from r = 123456
inan S,.

i=2..mj=2..mi%j}
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Our next job is to partition ¥ into subtrees. As men-
tioned in earlier step 2), we will also associate each sub-
tree with one of the substars defined in Lemma 1. This is
done by the following four rules. (See Fig. 2 for an illus-
tration.)

R1: Let node r be a trivial subtree consisting of only r
and be associated with substar K.

R2: For each g;, construct a tree Sub(a;) as follows.

a) If i < n, let g4; be the root of Sub(ay). Then, include
each b;; such that i > j into Sub(a;) and join 4; and b;;
with an edge {a; b, ). Finally, associate Sub(a) with
the substar By ;.

b) If i = n, let Sub(a,) be a trivial tree consisting of only
a, and be associated with substar A.

R3: For each b;; such that 7 < j, let bi//- be a trivial subtree
which is associated with

a) substar B;;if j <, and
b) substar C,;if j = n.

R4: For each c;;, let ¢;; be a trivial tree which is associated
with
a) substar C;;if j <7, and

b) substar C,;if j = n.

For instance, the tree ¥ shown in Fig. 1 is partitioned
into 32 subtrees. The roots of these subtrees are highlighted
by rectangles. Each non-root node (without a rectangle) is
connected to its parent in ¥ to form a subtree. Thus, 4, has
two children by, and b, 5, and this tree is Sub(a,). Below each
rectangle, we indicate the substar associated with the root
node as well as the rule used to obtain such association. For
example, Sub(a,) is associated with substar B, ; by applying
rule R2a.

Finally, we use the induction hypothesis to obtain a span-
ning tree from each substar and attach these subtrees to ¥ as
described in step 3). This completes the construction. The
following theorem states some properties of BI(r, S,).

THEOREM 1. BT(r, S,), 1 2 3, is a spanning tree of S, with a height
of |_.3<”2—"UJ and a balance factor of (2;:1 iN/n-"D!.

PrOOF. To prove that BT(r, 5,) is a spanning tree, it suffices
to show that

1) rules R1-4 do partition ¥ into disjoint subtrees,

2) rules R1-4 do associate each subtree with one of
the substars defined in Lemma 1 in a one-to-one
manner, and

3) the property stated in step 3) is satisfied (i.e., each
subtree is a subgraph of the spanning tree in the
corresponding substar).

It is trivial to prove 1) and 2). To prove 3), when rule

R2a is used, the subtree Sub(a;) is associated with sub-

star B, ;. Observe thata,=i23 --- (= D1G+ DE+2) --- n

and B, = S, ", G+ D™, G+ 27, -, n"). The root

node g, is indeed in B, ;. Furthermore, in the recursive

call to construct BT(a;, B, ), a; will be extended with i — 2

children g,(a), g5(a), ..., §i_1(a) (observe this from (1),

r = 123456 | 2% [ay = 213456 2 B“ = 312456| 22, [ep 3 = 612453 |

(R, R1) (B1,32, R2a) (Ba3, R3a) (Cy,3, Rda)
N m LN l‘c{;:—s_@s_z;]
(Ba,4, R3a) (Cy.4, R4a)
iR ’ bys = 5]3426J LN lcg_s = 613425]
(Bss, R3a) (Co5, Rda)
< [bos = 613452J 2 [eg6 = 163452
(C12, R3b) (Cs,2, Rdb)
AN 22, by = 231456 L
(B3, R2a) (Cs2, R4a)
£ lby = 421356J £ [ea,q = 621354]
(B3, R3a) (Cs4, Rda)
s by, = 521436 £ [cas = 621435]
(Bss, R3a) (Cs5, Rda)
L, lbw - 621453J LN lca,e = 126453]
(C13, R3b) (Cs 3, R4b)
&, 2, byo = 243156 22
(B4, R2a) (Cu2, R4a)
B, byg = 324156 %
(Cus, R4a)
% [bys = 523146 5 [y 5 = 623145
(Bas, R3a) (Cas, Rda)
< b = 623154J % 46 = 123654
(Ci4, R3b) (Cs.4, R4D)
LN 2, bsg = 253416 %
(Bys, R2a) (Cs, Réa)
2 by 5 = 325416 2
(Csa, R4a)
B, by = 423516 -2
(Cs4, Rda)
o [bs,s = 623415 | 2 [ 5 6 = 123465
(Ci5, R3D) (Ce5, R4b)

2, [ag = 623451

(A, R2b)

Fig. 1. The tree ¥ in an Sg. Each rectangle indicates a root of some
subtree. Indicated inside the parentheses are the associated substars
and the rules applied.

in a recursive sense). These nodes are b;,, b;s, ..., b;;_y,
which are exactly the children of 4; in subtree Sub(a;)
according to R2a. So 3) is proved when R2a is ap-
plied. When any rule other than R2a is applied, the
subtree is a trivial tree. One can easily see that the
(trivial} tree is inside the corresponding the substar.

Hence BT(r, S,) is a spanning tree.

The height of BT(r, S,) can be derived as follows. Let
k(i) be the height of BT(12 --- 1, ;). We have h(1) = 0
and h(2) = 1. Consider the outgoing paths leading
from node 7 in the tree \¥'. A path of length 1 must ar-
rive at a substar of dimension at most # — 1, and a
path of length 2 or 3 must arrive at a substar of di-
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=R

Fig. 2. The construction of a balanced tree BT(r, S,). Each shaded triangle means a recursive construction of the tree in the corresponding substar.

mension at most nn — 2. Thus, k(i) = max{1 + k(i - 1),
3 + hli — 2)}, i 2 3. Solving this recurrence relation, we

have h(n) = L@J

The balance factor of BT(r, S,) can be derived as fol-
lows. Recall that the balance factor is the ratio of the
number of nodes in the largest subtree to that in the
smallest subtree. The subtree rooted from a, is the
smallest one, which has (n — 1)! nodes. The largest
subtree is rooted at a,, which contains a 1-substar, a
2-substar, ..., an (n — 3)-substar, and n(n — 2)-substars.
The balance factor then follows by counting the num-
bers of nodes in these substars. O

Note that the above height is minimum because it is
equal to the diameter of S,. The balance factor converges to
1 as n increases.

3.3 Incomplete Stars

Consider an incomplete star C'1 "(k), 2 <k <n—1 (clearly
there is no need to consider C"”'(n) = S,). Given any node r
in this incomplete star, let BT(r, C""'(k)) be the graph ob-
tained from BT(r, S,) by removing all nodes and edges that
do not belong to C” (k) The following results state that
such a graph BT(r, C""'(k)) is indeed a spannmg tree in
C"'(k) and is nicely balanced. Note that as C*~ '(k) is not
node-symmetric any more, it may be necessary to consider
different values of r.

LEMMA 2. The BT(r, C*'(K)) is a spanning tree in C'~'(k).

PROOF. Let ¥’ be the graph obtained from ¥ after removmg
those nodes and edges that do not belong to C"™ (k).
To prove that BT(r, "~ '(k)) is a spanning tree, it suf-

fices to show that

1) ¥ is still a spanning free, and

2) for each subtree, say 7T, in the original tree ¥ and
the substar, say S, associated with T, either both T
and S, exist in C"'(k), or both do not exist.

C*! (k) consists of those nodes with the last symbols
ranging from n — k + 1 to n. To prove 1), observe the
following equalities (note that a, bi,j, and c;j are de-
fined with respect to r as in (1)-(3)):

alnl =bnl =rlnl, wherei<nandj<n (4

)

Since # — k + 1 < r[n], (4) implies that 4, and b;; must be
in ¥, where i < 7 and j < n. Equation (5) implies that
either both b;,, and ¢;,, exist in ¥/, or both do not exist,
where i < 1. We thus conclude that no internal node
could be removed from ¥ without its children being
removed, thus proving part 1). Part 2) can be proved
similarly by observing the last symbol of each sub-
star’s label. So BT(r, C*~ 1(k)) is a spanning tree. a

THEOREM 2. Let r be any node in C""'(k), 1 >4,2<k<n-1.
Rooted at r, tree BT(r, C""'(K)) has a height of V(" ”_] and

a balance factor b of

biulnl = ¢; In] = li], where i <n

n-3.
!
% (ki")’(;:_z)‘ ifr[1]<n-k
b< 57 )
1 5 2uj=1 .
=+ (k—l)En—Z)‘ ifr[tjzn-k+1
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TABLE 1
THE OBTAINED BALANCE FACTORS
FOR SOME EXAMPLE COMPLETE AND INCOMPLETE STAR GRAPHS

n 4 5 8 10 13 16 20

s, 1.5 1.37 1.17 1.12 1.091 | 1.071 | 1.055
C’*—1(n_1)“r 1.12 1.10 1.02 1.01 1.007 | 1.004 | 1.002
CJH(H—1)¢ 1.75 15 1.20 1.14 1.099 | 1.076 | 1.058
C"~1(L%J)T 1.75 1.75 1.30 1.22 1183 | 1.134 | 1.105
C"*I(L%J)i 3 4 2.33 2.25 2.4 2142 | 2111

Note that for incomplete stars the values are upper bounds.

The mark " indicates the case when r[1] <n —k, and the mark indicates when rf1]>n—-k+1.

wheres=0ifk<n-1,ands=1ifk=n-1.
PROOF. It is obvious that the height of BT(r, C""'(k)) can not

exceed the height, [3(112—1)J, of S,. Since L@J is also

the diameter of C"'(k) [6], the height follows.

Now we prove the balance factor of BT(r, o8 ‘I(k)) for
the case of r[1] < # — k. Since a,[n] = r[1], node 4, does
not exist in ¥. Recall that C"'(k) consists of nodes
from the k substars S}Z(i”), i=n—-k+1..n (each of

dimension 7 — 1). Consider the distribution of these
nodes in W. By our association rules, nodes in the

substar S!((r[n])") will be attached to the nodes 7, a,

and b;; in ¥, where i < 77 and j < n. The subtree rooted

-2
from each a; will receive 2;1‘_1 j! nodes contributed
from substar Si((r[n])”), wherei=2..n~1.

The remaining k - 1 substars (of dimension n — 1) will
each be partitioned into (n — 1) substars (each of dimen-
sion 1 — 2). By our association rules, these (k — 1)(n — 1)
substars (of dimension 1 — 2) will be evenly distrib-
uted to the subtrees rooted ata, i =2 ... n — 1. Thus,

each subtree will receive either "ﬁ“},)_(—glm—\ or

LLk;y_(;;UJ number of (n — 2)-substars. The former

number is equal to k, while the latter is equal tok - 1 +s,
where s is as defined in the theorem. Combining with
the numbers discussed in the previous paragraph, the
largest subtree can receive no more than

-2
k(n —2)! + Z;zlj! nodes, and the smallest subtree no

less than (k-1+s)n-2! + 2 r,lfz 2j‘. nodes. The
j=n=
balance factor then follows.

Finally, we consider the case of r{1] 2 7 — k + 1. Similar

to the previous case, the subtree rooted from each g,

. . -2 . i
will receive E "~ ,J! modes contributed from the
j=i=

substar S:l((r[n])”), where i =2 ... n — 1. Node a, exists

in ¥ and substar S} ((z[11)") will be attached to a,. The
remaining k — 2 substars (of dimension #n — 1) will each
be partitioned into (n — 1) substars (of dimension 7 — 2).

These (k — 2)(n — 1) substars (of dimension n — 2) will
be evenly distributed to the subtrees rooted at g;,

i =2 ..n — 1. Hence each a; will receive either

Pk_i)f;_l)l or L(k_i)_(;’_l)J number of (n — 2)-substars.

The former number is kK — 2 + H—:ﬂ, while the latter is

k — 2. The largest subtree could be either the one
rooted at 4, (which contains an (n — 1)-substar), or one

rooted at some g; (which may contain at most
k-2 . n-2 . n-3
(k=2 +[E2])n- 21 +2].:1]! < k(n-2)! +2H]1

nodes). As the latter will be greater than the former
only when k=7 ~1 (i.e, s = 1), the number of nodes in

-3,
the largest subtree cannot exceed (n—1)! + szn . il
i=

The smallest subtree will have at least
_ —2)1 2k — — 91

(k- 2)(n ;2>.+z]_:n_2 j!= (k=101 -2)! nodes. The
balance factor then follows. O

Note that the above height is minimum because the

same value has been proved to be the diameter of C""'(k) in

kil oo

[6]. Also note that the upper term in (6) converges to .

n increases, while the lower term converges to 2=%.

4 CONCLUSIONS

We have shown how to construct balanced spanning trees
in complete star graphs and in the class of incomplete star
graphs, ! These trees all have the minimum height.
Table 1 summarizes the balance factors obtained by our
scheme for some example graphs. Being nicely balanced,
these trees, when applied to one-to-all personalized
broadcast, will incur about equal load on each outgoing
link from the root node, thus giving efficient algorithms.
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