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Abstract—New radio (NR) and non-orthogonal multiple access
(NOMA) offer scalable and efficient resource allocation in Beyond
5G (B5G) networks. NR implements mixed numerology with flex-
ible frame structures for future compatibility, whereas NOMA
allows users with different channel states to share an identical Phys-
ical Resource Block (PRB). Multi-connectivity enables a user to
connect to multiple networks for reliability, and multicast conveys
data to users simultaneously that request the same content. How-
ever, resource allocation in the NOMA-based mixed numerology
system with multi-connectivity for multicast remains unexplored.
The problem is challenging due to 1) the different shapes of PRBs in
NR and 2) the shared locations of PRBs in a frame with NOMA. In
this paper, we formulate a new optimization problem, named Mul-
ticast, Multi-connectivity, and Multi-Dimensional Resource Allo-
cation Problem (M3DRAP), and prove its NP-hardness and inap-
proximability. We propose an approximation algorithm for general
M3DRAP with the ideas of Multicast Inter-Numerology Relation,
Layer Dissimilarity, Subgrouping Nonuniformity, and Segmentation
Preference. To find the intrinsic properties of PRB allocation for
multicast in NOMA-based networks, we consider a single B5G us-
age scenario (e.g., eMBB, URLLC, or mMTC) and propose another
approximation algorithm. Simulations demonstrate our algorithms
improve the weighted sum rate by over 50% and increase the user
satisfaction ratio by 1.5x.

Index Terms—NR, NOMA, multicast, multi-connectivity,
approximation algorithm, PRB allocation.
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I. INTRODUCTION

A. Research Background

THE Beyond 5G (B5G) and 6 G networks are expected to
provide massive wireless connectivity and support various

traffic demands. To achieve this goal, the Third Generation
Partnership Project (3GPP) has specified the new radio (NR)
technology to allocate physical resource blocks (PRBs) more
flexibly. NR implements multi-numerology with adjustable sub-
carrier spacing (SCS) and time slot duration [1] to ensure
future compatibility and features in subsequent specification
releases [2], [3]. Unlike 4G LTE, B5G supports a variety of
shapes for its basic scheduling units (i.e., PRBs)1 to accommo-
date a wide range of user demands. For example, a PRB with a
shorter width2 has a short slot duration, making it appropriate
for ultra-reliable and low-latency communications (URLLC)
services, such as self-driving vehicles and remote surgery, which
need stringent latency [3], [4]. In contrast, massive machine-
type communications (mMTC) services, such as machine-to-
machine communications in smart cities, support a high den-
sity of connected devices with lower data rate requirements,
making a PRB with a shorter length (i.e., numerologies 0 or 1)
more appropriate for such services [5], [6]. PRB fragmentation,
which reduces network throughput [7], occurs when PRBs with
different shapes are not aligned in a radio frame. The problem is
more challenging as NR introduces bandwidth part constraint
to restrict a user to employing only one numerology on a set of
PRBs in a single slot duration [1], [6]. In other words, the PRBs
with different shapes are unable to be aligned within a single slot
duration, which undermines the flexibility of PRB allocation.

Non-orthogonal multiple access (NOMA) is another key
technology for improving spectrum efficiency in B5G. Unlike
traditional OMA in 4G that allocates each PRB to only a single
user [8], NOMA allows users with different channel states to
share an identical PRB in the code or power domain to achieve
better radio resource utilization [8], [9]. NOMA uses superposi-
tion coding (SC) and successive interference cancellation (SIC)
in transmitters and receivers to remove co-channel interference
from users with lower channel gains [8]. By allocating spectrum

1The shape of the PRB varies according to the numerology [1] and will be
detailed in Section III. We will interchangeably use “numerology” and “shape”
interchangeably according to context.

2We use length and width to represent the bandwidth of a PRB in the frequency
domain and the slot duration of a PRB in the time domain, respectively.
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resources to users with a greater channel gain difference, NOMA
is able to significantly improve spectrum efficiency, because
it allows users with higher channel gains to decode data with
the interference caused by a user with a lower channel gain
on the receiver [8], [10]. Although NOMA can null co-channel
interference, spectrum sharing using different numerologies will
be affected by inter-numerology interference (INI) attributed to
misalignment in receiving the frequency band of PRBs [11].
Compared to PRB allocation in 4G LTE, therefore, it is more
challenging to allocate PRBs in a NOMA-based mixed numerol-
ogy system due to the various shapes of PRBs and the effect of
interference from PRB sharing.

Wireless multicast simultaneously serves a group of users
to improve spectrum efficiency. The modulation and coding
scheme (MCS) used in a multicast group is limited by its member
with the worst channel gain [12], which limits the flexibility of
PRB allocation. 3GPP has standardized multi-connectivity [13],
[14] to allow a user to receive data from multiple BSs to increase
flexibility [15]. If a multicast group requires PRBs on different
channels, we can allocate PRBs from multiple base stations
(BSs) with better channel gains and choose a better MCS in each
BS to increase the data rate [12], [16]. However, co-tier interfer-
ence occurs when multicast groups in different nearby BSs share
an identical PRB [17], and previous co-tier interference mitiga-
tion methodologies [18], [19] cannot support the NOMA-based
mixed numerology network with multi-connectivity, because
they are designed for a single-numerology network. In other
words, they do not consider the shapes of PRBs and do not
improve throughput by properly assigning each PRB to users
with appropriate numerologies to alleviate INI caused by PRB
sharing with various numerologies. Additionally, they did not
consider wireless multicast to serve a group of users to improve
spectrum efficiency.

B. Problem

We first explore a physical resource block (PRB) allocation
problem in a non-orthogonal multiple access (NOMA)-based
mixed numerology system with multi-connectivity and multi-
cast. Different from existing resource allocation research for
Beyond 5G (B5G) networks [8], [20], [21], which ignore mul-
ticast subgrouping and multi-connectivity, we consider these
critical elements in the B5G network to formulate a new op-
timization problem, called Multicast, Multi-connectivity, and
Multi-Dimensional Resource Allocation Problem (M3DRAP).
M3DRAP aims to maximize the weighted sum rate while con-
sidering the following key innovations with NR, NOMA, multi-
connectivity, and multicast: 1) We consider both numerologies
and channel gains to split multicast groups into subgroups. 2) We
associate each multicast subgroup with appropriate BSs using
multi-connectivity to reduce co-tier interference and resource
fragmentation. 3) We allocate vRBs with different shapes to
multicast subgroups by carefully examining INI and numerology
when allocating vRBs over multiple BSs. M3DRAP takes into
account the following constraints. The subgrouping constraint
guarantees that each user is assigned to only a multicast sub-
group. The vRB-subgroup allocation constraint ensures that
each vRB can be allocated to at most one multicast subgroup,

and the PRB share constraint limits the maximum number of
multicast subgroups to share a PRB. The vRB-layer allocation
constraint indicates that each radio frame has a limited number
of vRBs. For each multicast subgroup, the bandwidth part con-
straint ensures that the numerologies of allocated vRBs are iden-
tical in a single slot duration. The association constraint restricts
the maximum number of BSs that a user can associate with, while
the rate requirement constraint guarantees the minimum data
rate of each multicast subgroup. Given the intricate interplay of
numerology, multi-connectivity, and multicast in our proposed
system, M3DRAP raises the following research challenges (will
be detailed in Section III-D). C1) Shared locations of PRBs.
To reduce INI, it’s beneficial for multicast groups to share
PRBs using the same numerology. However, overlapping vRBs
using different numerologies can degrade data rates. C2) Mul-
ticast subgrouping with mixed numerology. Splitting multicast
groups into subgroups can potentially improve performance, but
it’s challenging in mixed numerology networks due to limited
candidate numerologies and varying MCS that can be used
on different vRBs. C3) Resource fragmentation with NR and
multi-connectivity. Improper allocation of various vRB shapes
can lead to resource fragmentation, where unused BUs are small
and scattered. Multi-connectivity can mitigate this by allocating
fragmented unused BUs from multiple BSs. However, co-tier
interference caused by overlapping BUs lowers the weighted
sum rate of multi-connectivity.

C. Proposed Approach

To systematically solve M3DRAP, we prove the NP-hardness
and inapproximability of M3DRAP and design an approxi-
mation algorithm, called Multi-BS, Multi-layer RB Allocation
with Multicast (M2RBAM) to maximize the weighted sum
rate. M2RBAM first introduces an indicator, named Multicast
Inter-Numerology Relation (MINR) to evaluate the difference
in all available numerologies and the candidate numerologies
of a multicast subgroup to choose a proper numerology for the
subgroup. Next, we introduce a bounded rectangle, called a zone,
which is designed to tackle C3 by concatenating vRBs using
an identical shape. Specifically, based on MINR, M2RBAM
chooses an initial numerology for each multicast subgroup and
constructs a zone using the chosen numerology. Then, M2RBAM
examines the difference between the numerologies of vRBs in
the shared locations of the zones, which can potentially cause
interference. M2RBAM utilizes Layer Dissimilarity (LD) to
displace and align zones in different layers containing the same
numerology to share PRBs, thus alleviating INI and addressing
C1. Next, we introduce Subgrouping Nonuniformity (SN) to
identify multicast subgroups comprising users with nonuniform
channel gains, because users with poorer channel gains de-
grade throughput. M2RBAM refines the multicast subgrouping
within a subgroup by measuring SN while ensuring that the
number of allocated vRBs does not rise to address C2 and
enhance users’ data rates. Subsequently, M2RBAM determines
the Segmentation Preference (SP), which quantifies the amount
of co-tier interference experienced by a multicast subgroup on
its allocated vRBs. M2RBAM uses SP to segment vRBs that
suffered severe co-tier interference. It then adjusts the multicast
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subgroup association and relocates these vRBs to other resource
fragments from multiple BSs to address C3. Finally, leveraging
NOMA, M2RBAM adjusts the locations of the vRBs to increase
the channel gain difference. M2RBAM also allocates additional
subgroups to unused vRBs within the frame to maximize the
weighted sum rate.

Afterward, to find the intrinsic properties of PRB allocation in
a NOMA-based mixed numerology network without multicast
subgrouping and multi-connectivity, we propose another algo-
rithm with a better approximation ratio for a single B5G usage
scenario, where every multicast group has an identical set of
candidate numerologies, such as B5G and 6 G private networks,
which are dedicated cellular networks designed for a specific
B5G usage scenario (e.g., mMTC or URLLC) with different
data rate requirements [22], [23], [24].3 For more details about
the application, please refer to Appendix A, available online.
We exploit the concept of one-to-many matching with gradual
improvement to derive the PRB allocation, enabling a flexible
adaptation to diverse combinations of candidate numerologies,
to achieve a better approximation ratio in a NOMA-based mixed
numerology network for a single B5G. The simulation results
show that M2RBAM can not only improve the weighted sum data
rate by more than 50% but also achieve a better user fairness and
satisfaction ratio, which is the number of users whose data rates
are satisfied to the total number of users.

D. Paper Organization

Section II summarizes related works, and Section III de-
scribes the system model and formulates M3DRAP. Section IV
presents the approximation algorithm M2RBAM. Section V
explores the intrinsic properties of PRB allocation in a single
B5G usage scenario and proposes an approximation algorithm
MMAA. Section VI proves NP-hardness, approximation ratios,
and complexity. Section VII shows the experimental results, and
Section VIII concludes this paper.

II. RELATED WORK

Due to the space constraint, we present the comparison table
for related work in Appendix B, available online. NOMA: With
NOMA, multiple users can be multiplexed on an identical PRB
to enhance spectrum efficiency. Nasser et al. [17] maximized
energy efficiency by optimizing the allocation of power and
RB in mmWave-NOMA networks. Adam et al. [9] studied user
scheduling and power allocation to optimize energy efficiency
in multi-cell multi-carrier NOMA networks. Liu et al. [25]
jointly optimized subchannel allocation, power allocation, and
computing PRB allocation to maximize energy efficiency for
NOMA-enabled MEC in multi-cell networks. However, they
did not consider different numerologies (i.e., PRB shapes) to
increase the flexibility of PRB allocation. The INI caused by
spectrum sharing using different numerologies was also ignored.
These algorithms did not address challenges C1 nor C2 because

3For example, an ISP offers a private network for a factory (or video streams)
within a single base station to deliver control data (or video content) with
different rate demands [24].

they were not designed for mixed numerology multicast in B5G
networks.

NR: NR increases the flexibility in PRB allocation [1]. You
et al. [26] configured the numerologies for non-delay-sensitive
services to maximize system throughput. Shen et al. [4] maxi-
mized the sum rate in a mixed numerology network by allocating
power and subcarrier resources. Nguyen et al. [7] maximized
the number of satisfied users while satisfying their data rate
and latency requirements. However, these studies did not con-
sider sharing a PRB to improve spectrum efficiency in B5G. In
addition, they were not designed for mixed numerology with
multi-connectivity and could not effectively address challenges
C2 and C3.

NOMA and NR: Recent research [5], [11], [27] starts to
explore mixed numerology and NOMA jointly in resource al-
location. Son et al. [11] presented a general model and signal
representation for the mixed numerology system with spectrum
sharing. McWade et al. [27] allocated subcarriers and power to
maximize the spectral efficiency of mixed numerology NOMA
systems. Prathyusha et al. [5] maximized the minimum expected
achievable rate of eMBB users while satisfying the latency and
reliability requirements of URLLC users. However, the above
algorithms were designed for unicast, and they did not consider
multi-connectivity and multicast subgrouping for scalable re-
source allocation, which respectively change the nature of BS
association and interference experienced by users, and in turn,
make the resource allocation more challenging.

Multicast: Wireless multicast delivers a datum to a group of
users using an identical spectrum to increase spectral efficiency.
Hmila et al. [28] formulated the uplink resource allocation
problem for multicast device-to-device communications as an
overlapping coalition formation game and analyzed the energy
efficiency of the system. Zhu et al. [29] maximized the video re-
ception quality of users in multicast groups. Chukhno et al. [30]
optimized multicast resource utilization in a 5G NR system with
directional multi-beam antennas. However, none of the above
works addressed resource fragmentation by considering band-
width part constraint in NR and evaluated shared locations when
allocating PRBs. Moreover, they ignored multi-connectivity
to improve resource utilization to satisfy the rate demands of
multicast groups in multi-BS networks.

Multi-connectivity: Multi-connectivity is a crucial B5G tech-
nique that allows users to receive data simultaneously from
multiple BSs, thereby enhancing network performance and
resource efficiency [13]. Wang et al. [18] presented a joint
network selection and resource allocation algorithm to maxi-
mize system throughput in an LTE-U/WiFi co-existence sys-
tem. Yin et al. [15] allocated power to users with diverse QoS
demands to maximize the system throughput in NOMA-based
heterogeneous multi-carrier networks. Yu et al. [19] maximized
the weighted sum rate by considering multi-connectivity and
dynamic resource cooperation. However, these studies did not
explore the challenges of the shared locations of PRBs and
resource fragmentation in multi-connectivity. Furthermore, their
approaches cannot be adopted to mixed numerology networks,
because they did not consider different shapes of PRBs to support
heterogeneous user requirements.
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Fig. 1. An illustration of resource grid structure with two BSs {s1, s2}, where
each BS has one corresponding radio frame and the rectangles of different
colors represent vRBs using different numerologies. The diagonally hatched
rectangular prisms indicate shared locations of two vRBs.

III. SYSTEM MODEL AND PROBLEM FORMULATION

In this section, we first introduce the radio resource grid and
the system model, then formulate M3DRAP, and finally present
research challenges. Table I summarizes important notations
used in this paper. Due to the limited space, we provide an
abbreviation table and brief notations in a paragraph for ease
of reading in Appendix C, available online.

A. Radio Resource Grid Structure

The radio resource grid comprises the time and frequency
domains [1], [31]. In the time domain, the radio frame duration
is 10 ms and is divided into ten 1-ms-length subframes for
backward compatibility. Each subframe consists of a number
of time slots, and the duration of each slot is set according to nu-
merology [1], [31] (detailed later). The basic scheduling unit is a
PRB, which is composed of one slot duration in the time domain
and 12 consecutive subcarriers in the frequency domain [1]. For
agile and efficient resource usage, NR provides a new structure of
flexible numerology. Letℳ be the set of available numerologies,
and the numerology μ ∈ ℳ defines SCS and the slot duration
of a PRB. SCS represents the length of a PRB in the frequency
domain, which follows the formula 15× 2μ kHz, whereas slot
duration refers to the width of the PRB in the time domain,
which follows 1× 2−μ ms for μ ∈ ℳ = {0, 1, . . . , μmax} [1].
The Basic Unit (BU) is defined as the fundamental grid within
the frame, and each BU occupies a bandwidth of fmin Hz and
a slot duration of tmin ms. In Fig. 1, each PRB consists of
2μmax BUs [7], [26], where μmax = 4 denotes the maximum
numerology in the system [1]. Each numerology μ ∈ ℳ of PRB
refers to a specific rectangular shape 2μ × 2μmax−μ, where the
PRB is with 2μ·fmin Hz bandwidth and 2μmax−μ·tmin ms slot
duration. In other words, the system has |ℳ| PRB shapes, which
are defined by numerology. For example, in Fig. 1, we consider
|ℳ| = 5 and ℳ = {0, . . . , 4}, and PRB1 for μ = 0 refers to

a 1× 16 rectangle. In practice, |ℳ| is usually a small constant
(i.e., at most 5 [1]).

With NOMA, we follow [29], [32], [33] to consider an NR
frame that logically consists of multiple layers to represent
different layers in the superposition coding scheme of NOMA,
and a PRB can be regarded as vRBs in different layers. Moreover,
each vRB will be mapped to the PRB with the corresponding
BUs during transmission. In Fig. 1, for example, vRB2 in the
second layer overlaps vRB1 in the first layer, where the shared
locations betweenvRB2 andvRB1 are represented by the diago-
nally hatched rectangular prisms. Note that the shared locations
of PRBs (see footnote 12) will induce additional interference in
the data rate.

B. System Model

We consider a multi-cell downlink network with a set of
multicast groups and 5G base stations (BSs) [34]. Specifically,
let G = {g1, . . . , g|G|} and S = {s1, . . . , s|S|} be the sets of
multicast groups and BSs, respectively. Each multicast group g
includes a set Ug of users who request identical data and have
an identical set of candidate numerologies Cg ⊆ ℳ according
to the users’ rate demand qg [15], [35]. We denote the set of
users in the network as U =

⋃
g∈G Ug. When the service areas

(i.e., coverage) of BSs overlap with adjacent BSs, users with
multi-connectivity capabilities in an overlapping coverage can
be served by multiple nearby BSs simultaneously [13], [14],
[15], [36]. Since each user u ∈ Ug in a multicast group g
can be covered by different BSs, we denote the set of users
in the same multicast group g under the coverage of BS s
as Us

g = Us ∩ Ug, ∀g ∈ G, s ∈ S, where Us ⊆ U represents
the set of users under the coverage of BS s. For example, in
Fig. 1, we consider G = {g1, g2, g3} and S = {s1, s2}. U1 =
{u1, u2, u5, u6}, U2 = {u3, u4}, and U3 = {u7, u8}. U1 =
{u1, u2, u3, u4, u7} and U2 = {u5, u6, u7, u8}. Thus, U1

1 =
U1 ∩ U1 = {u1, u2} and U2

1 = U2 ∩ U1 = {u5, u6}. Follow-
ing [12], users in Us

g can be split into a set of subgroups to
improve spectrum efficiency and resource allocation scalability.

Each BS has a corresponding radio frame with the length
F ·fmin indexed by F = {1, 2, . . . , F} and the width T ·tmin in-
dexed by T = {1, 2, . . . , T}, where F and T are the numbers of
resource grids in the frequency domain and time domain, respec-
tively.4 Therefore, a specific BU is indicated by the index pair
{(i, j), i ∈ F , j ∈ T} with (1, 1) located to the top-left in each
layer of the frame. Since a PRB consists of multiple adjacent
BUs, a particular vRB using numerology μ, which contains BU
(f, t) on the top-left, is then mapped to BUs given by {(i, j)|f ≤
i ≤ f + 2μ − 1, t ≤ j ≤ t+ 2μmax−μ − 1, f ∈ F , t ∈ T}.5 As
shown in Fig. 1, vRB6 using μ = 3 contains the BU (f, t) =

4According to the 3GPP specification [37], the frequency span and frame
duration are usually fixed at 100MHz and 10ms, respectively, and thus F and T
can be considered constants.

5Following [4], [7], [21], we exploit the various combinations of BUs to refer
to PRBs. This expression benefits the representation of the locations of PRBs
using different shapes in the frame.
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TABLE I
NOTATION TABLE
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(9, 1), and BUs (9,1) to (16,1) and (9,2) to (16,2) are also in-
cluded in vRB6. Let B = {b1, b2, . . . , b|B|} be the set of vRBs,6

and αs
b,i,j denotes an indicator mapping vRB to BU within the

radio frame of BS s, where αs
b,i,j = 1 if vRB b includes BU

(i, j) of BS s; otherwise, αs
b,i,j = 0. According to [1], [7],

the total number of BUs in a single vRB is irrespective of
the numerologies and equal to 2μmax (i.e.,

∑F
i=1

∑T
j=1 α

s
b,i,j =

2μmax , ∀b ∈ B, s ∈ S).
Note that each multicast group can be divided into multiple

subgroups, and these subgroups can be further divided into
smaller sub-subgroups,7 as will be detailed in Section IV. In
the following, we introduce the system model to calculate the
data rate of a multicast subgroup. Let ℬb be the bandwidth of
vRB b, and we denote byRs

n,b the data rate of multicast subgroup
n ∈ N on vRB b in BS s [38], [39],

Rs
n,b = ℬb · log2(1 + γs

n,b), (1)

where N is the collection of all the multicast subgroups and sub-
subgroups, and γs

n,b is the Signal-to-Interference-plus-Noise
Ratio (SINR) of multicast subgroup n on vRB b in BS s, which
considers the NOMA interference, co-tier interference, and INI
as follows [11], [15], [20]:

γs
n,b =

|hs
n,b|2psn,b

INO(s, n, b) + Ico(s, n, b) + IINI(s, n, b) + σ2
. (2)

psn,b is the power allocated to multicast subgroup n on vRB b
in BS s, hs

n,b is the channel gain of multicast subgroup n on
vRB b in BS s, and σ2 is the additive white Gaussian noise
(AWGN). INO(s, n, b) = |hs

n,b|2
∑

n′ |hs
n′,b′>hs

n,b
λb,b′βn′,b′p

s
n′,b′

is the NOMA interference of multicast subgroup n on vRB
b in BS s caused by the other multicast subgroups in the
same BS, where binary variable βn′,b′ indicates whether vRB
b′ is allocated to multicast subgroup n′.8 λb,b′ indicates if
vRBs b and b′ contain some common BUs. Ico(s, n, b) =∑

s′ �=s,s′∈S |hs′
n,b|2

∑
n̄ η

s′
n,n̄βn̄,b̄λb,b̄p

s′
n̄,b̄

is the co-tier interfer-
ence of subgroup n on vRB b in BS s, caused by the multicast
subgroups in the BSs other than s, where ηs

′
n,n̄ indicates if

multicast subgroup n has co-tier interference with multicast
subgroup n̄ from s′,9 and b̄ is the vRB allocated to n̄ in s′.
IINI(s, n, b) = |hs

n,b|2
∑

b̂∈B|μb̂ �=μb
λb,b̂p

s
n̂,b̂

is the INI of sub-

group n on vRB b in BS s caused by the vRBs using different
numerologies [11], where μb is the numerology of vRB b, and
n̂ is the multicast subgroup that uses b̂.

For example, Fig. 2(a) shows the configuration of multi-
cast groups. When vRB1, vRB2, vRB3, vRB4, vRB5, and

6The total number of vRBs is the sum of the number of available vRBs
for different numerologies in all layers (i.e., L ·

∑
µ∈ℳ(F − 2µ + 1) · (T −

2µmax−µ + 1), where L is the number of available layers to each BS).
7To simplify the explanation, since both ”subgroup” and ”sub-subgroup” are

a set of users, we use N to denote the set of subgroups and sub-subgroups and
use the term ”subgroups” thereafter.

8hs
n′,b′ > hs

n,b refers to the fact that the multicast subgroup with larger
channel gain can remove the interference of the one with lower channel gain by
SIC [8].

9Co-tier interference occurs when multicast subgroups in different nearby
BSs share an identical PRB [17]. The severity of interference can be obtained
by measuring received SINR [15], [20].

Fig. 2. An illustrative example of SINR with two BSs {s1, s2} and four
multicast subgroups {n1, n2, n3, n4}.

vRB6 are allocated to n1, n2, n3, n4, n2, and n3, re-
spectively, in Fig. 2(b), INO(1, 1, 1) = |h1

1,1|2 · λ1,2 · β2,2 ·
p12,2 = |10|2 · 1 · 1 · 3 = 300, where vRB1 and vRB2 are over-
lapped. Ico(1, 2, 5) = |h2

2,5|2 · η22,3 · β3,6 · λ5,6 · p23,6 = |10|2 ·
1 · 1 · 1 · 3 = 300. IINI(2, 4, 4) = |h2

4,4|2 · λ4,3 · p23,3 = |6|2 ·
1 · 3 = 108.

The data rate on every vRB allocated to a multicast subgroup
is the lowest feasible data rate among all the vRBs allocated to
the multicast subgroup [40]. Hence, the data rate of the vRBs
allocated to multicast subgroup n is defined as

Rn = |Bn| · min
b∈Bn,s∈S

{Rs
n,b}, (3)

where Bn is the set of vRBs allocated to subgroup n. For
example, if n1 can achieve the data rate of 2 and 3 on vRB1 and
vRB2 respectively, the total data rate when allocating vRB1 and
vRB2 to n1 is 2×min{2, 3} = 4.

C. Problem Formulation

We are given several sets: a set of BSs S = {s1, . . . , s|S|},
a set of users Us covered by BS s,∀s ∈ S, and a set of
multicast groups G = {g1, . . . , g|G|} with the corresponding
rate demands {q1, . . . , q|G|} and the set of candidate nu-
merologies {C1, . . . ,C|G|}, ∀Cg ⊆ ℳ. Based on these sets,
we formulate a new optimization problem, named Multicast,
Multi-connectivity, and Multi-Dimensional Resource Alloca-
tion Problem (M3DRAP), where each BS includes a radio frame
with L layers and F × T BUs and may have overlapping cover-
age with another BS. M3DRAP aims to 1) split multicast groups
into subgroups by considering candidate numerologies in NR,
2) choose multicast subgroups and associate them with BSs
using multi-connectivity, and 3) allocate vRBs with different
shapes to multicast subgroups by considering NR and NOMA,
to maximize the weighted sum rate. M3DRAP has the following
constraints.

1) Subgrouping Constraint [12], [41]: Each user u can only
belong to one multicast subgroup n, i.e.,

∑
n∈N νu,n = 1, ∀u ∈

U , where binary variable νu,n represents whether user u is
grouped into subgroup n.

2) vRB-Subgroup Allocation Constraint [29]: Each vRB b
can be allocated to at most one multicast subgroup n, i.e.,∑

n∈N βn,b ≤ 1, ∀b ∈ B.
3) PRB Share Constraint: With NOMA, a vRB is allowed to

overlap with other vRBs in different frame layers of a BS (i.e.,
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Fig. 3. An example of M3DRAP within layer l1 of BS s1.

they include some common BUs) [25]. Let Ls = {l1, l2, . . . , lL}
be the set of layers of the radio frame in BS s. Due to hardware
limitations in NOMA-based systems [8], [15], PRB share con-
straint indicates that a BU can be shared by at most L multicast
subgroups, and the maximum number of layers is thereby limited
by L, i.e.,

∑
b∈B αs

b,i,j ≤ L, ∀i ∈ F , j ∈ T , s ∈ S.10 For exam-
ple, in Fig. 1, when vRB1 and vRB2 include BU (11,13) and
L = 2, no other vRB can include BU (11,13).

4) vRB-Layer Allocation Constraint: For each layer l of BS
s, the allocated vRBs are not overlapped and the total BUs of
the allocated vRBs cannot exceed the available resource in a
frame [1], [31]. Specifically, let Bs

l be the collection of the
allocated vRBs in layer l of BS s’s radio frame. Each BU
can be included in at most one vRB in a single layer, i.e.,∑

b∈Bs
l
αs
b,i,j ≤ 1, ∀i ∈ F , j ∈ T , l ∈ Ls, s ∈ S. The total BUs

of the allocated vRBs cannot exceed T and F in the time
and frequency domains, respectively. That is,

∑
j∈T αs

b,i,j ≤
T, ∀i ∈ F , b ∈ Bs

l , l ∈ Ls, s ∈ S, and
∑

i∈F αs
b,i,j ≤ F, ∀j ∈

T , b ∈ Bs
l , l ∈ Ls, s ∈ S. In Fig. 3, for layer l1 of BS s1, since

BU (1,9) is included in vRB3, it cannot be included in other
vRBs at layer l1 of BS s1.

5) Bandwidth Part Constraint [1], [16]11: For each multicast
subgroup n ∈ N, only the vRBs with an identical numerol-
ogy can be allocated during a given slot duration to avoid
failing to decode different numerologies simultaneously for
the receiver. Specifically, let us consider two vRBs, denoted
as b and b′, which are associated with leftmost time indices
t and t′, respectively. Their numerologies are represented by
μb and μb′ , respectively. If the maximum value between t
and t′ is less than or equal to the minimum value between
t+ 2μmax−μb − 1 and t′ + 2μmax−μb′ − 1 (i.e., max{t, t′} ≤
min{t+ 2μmax−μb − 1, t′ + 2μmax−μb′ − 1}), then for any pair
of vRBs b and b′ to be allocated to the same subgroup, it is impor-
tant to ensure that their numerologies are equal, i.e., μb = μb′ .
For example, in Fig. 3, vRB2 and vRB4 span time t5 to t8 and t2
to t5, respectively. IfvRB2 usingμ2 = 2 is allocated to multicast
subgroupn1, the constraint implies that only vRBs usingμb′ = 2
can be allocated to n1 at time t5 to t8. Thus, vRB4 using μ4 = 2
can be allocated ton1 sinceμvRB2

= μvRB4
whenmax{5, 2} =

5 ≤ min{5 + 24−2 − 1, 2 + 24−2 − 1} = 5, while vRB5 using
μ = 1 cannot be allocated to n1 since μvRB2

�= μvRB5
when

max{5, 7} = 7 ≤ min{5 + 24−2 − 1, 7 + 24−1 − 1} = 8.

10In most systems [42], [43], the number of layers L = 2 is small because
computation overheads will increase to perform SIC for increased layers.

11To avoid confusion, we follow the proprietary terms defined by 3GPP for
NR (i.e., bandwidth part).

6) Association Constraint: With multi-connectivity, each
user can associate with multiple BSs simultaneously if the
user is under the coverage of those BSs. Following [36], [44],
each user is allowed to associate with at most Slimit BSs,
i.e.,

∑
s∈S xs,u ≤ Slimit, ∀u ∈ U , where binary variable xs,u

denotes whether user u associates with BS s.
7) Rate Requirement Constraint [12], [16]: Note that if the

multicast subgroup n is split from multicast group g, the rate
demand of multicast subgroup n will be the same as the rate
demand of multicast group g, i.e., qn = qg, ∀Kn ⊆ Ug , where
Kn represents the set of users in multicast subgroup n. The
constraint ensures that the total data rate of the vRBs allocated to
multicast subgroup n just achieves the rate demand qn [40], i.e.,
Rn ≥ qn andRn −mins∈S,b∈B|βn,b=1{Rs

n,b} < qn. In Fig. 3, if
multicast subgroup n1’s rate demand qn1

is 5 and its achievable
data rates on vRB1, vRB2, and vRB3 are all 3, then we allocate
two of these vRBs to satisfy qn1

because 2× 3 > 5 and 2× 3−
min{3, 3, 3} < 5.

Problem: Multicast, Multi-connectivity, and Multi-
Dimensional Resource Allocation Problem (M3DRAP).

Instance: A set of BSs S = {s1, . . . , s|S|}, a set of
users Us covered by BS s,∀s ∈ S, and a set of multicast
groups G = {g1, . . . , g|G|} with the corresponding rate de-
mands {q1, . . . , q|G|} and the set of candidate numerologies
{C1, . . . ,C|G|}, ∀Cg ⊆ ℳ. Each BS includes a radio frame
with L layers and F × T BUs.

Task: To subgroup multicast users by considering candi-
date numerologies in NR, associate each multicast subgroup
with BSs using multi-connectivity, and allocate vRBs with dif-
ferent shapes to multicast subgroups by considering NR and
NOMA such that the subgrouping, vRB-subgroup allocation,
PRB share, vRB-layer allocation, bandwidth part, associa-
tion, and rate requirement constraints hold. The objective is
to maximize the weighted sum rate of allocated users, i.e.,∑

n∈N

∑
u∈U

∑
b∈B νu,n · βn,b · ρn·Rn, where ρn represents

the weight of multicast subgroup n and can be set according
to the expenditure on network services or the priority level to
support the Service-Level Agreement (SLA) [45]. Due to the
limited space, the formal mathematical formulation of M3DRAP
is provided in Appendix D, available online.

D. Research Challenges

Given the intricate interplay of numerology, multi-
connectivity, and multicast in our proposed system, M3DRAP
raises the following research challenges.

C1) Shared locations of PRBs:12 To mitigate INI, it is favor-
able for multicast groups to share some PRBs using an identical
numerology [8]. When two vRBs with distinct numerologies
overlap, indicating they share BUs, INI will degrade the data

12Following [1], [31], the transmission is described by a radio frame (resource
grid), the numerology ranges from 0 to 4, and each PRB comprises a set of basic
units (BUs), which are described by index pairs to indicate their locations in a
radio frame. Moreover, following [29], we logically regard a PRB as multiple
virtual resource blocks (vRBs) in different layers of a radio frame. Since a PRB
includes multiple BUs [26], we call two vRBs share locations or PRBs if they
use some common BUs in a radio frame.
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Fig. 4. An example of shared locations, where the rectangles of different colors
represent vRBs using different numerologies. Green: Numerology 1 (vRB2).
Yellow: Numerology 2 (vRB3). Blue: Numerology 3 (vRB4). The diagonally
hatched rectangular prisms indicate shared locations between two vRBs, and
(vRBi, vRBj) indicates the channel gain difference between vRBi and vRBj .

rate, and the data rate for a vRB may degrade further when it
overlaps with more vRBs [11]. However, applying NOMA will
increase throughput when the overlapping vRBs have a larger
channel gain difference [10]. For example, in Fig. 4(a), although
overlapping vRB2 with vRB3 generates less INI according to
the SINR model, it is better to overlap vRB3 with vRB4 in
Fig. 4(b) (rather than vRB2), because vRB3 and vRB4 have a
more significant channel gain difference (i.e., 22 ≥ 8).

C2) Multicast subgrouping with mixed numerology: Split-
ting a multicast group into subgroups potentially addresses the
performance degradation caused by users with poorer channel
gains, as a subgroup comprising users with higher channel gains
is served by a higher MCS, possibly decreasing the total number
of vRBs allocated to the multicast group [12]. However, it is
challenging in a mixed numerology network to assign vRBs to
each multicast subgroup, because each subgroup has a different
set of candidate numerologies. When the numerology of a vRB
with a higher MCS is excluded from the subgroup’s candidate
numerologies, vRBs with lower MCSs will be employed to meet
the subgroup’s rate demand, leading to the increment in the
number of allocated vRBs. Moreover, vRBs using an identical
numerology may contribute different data rates to subgroups
according to MCSs that can be used by the subgroups. It is
necessary to jointly consider numerology and channel gains
when splitting a multicast group.

Fig. 5(a) and (b) illustrate the MCSs that can be used by users
u5 and u6 on each BU corresponding to the radio frame in BS
s2 (as shown in Fig. 5(c)). Consider a multicast group g3 that
needs an MCS of 16 to meet its rate demand, and the available
candidate numerologies are 0 and 1. The MCSs that can be used
by users u5 and u6 on vRB1 (also for vRB2 and vRB3) are
6 and 8, respectively. Hence, the MCS of the multicast group
g3 (including u5 and u6) is 6, which is the most robust MCS
among them, and g3 needs three vRBs with MCS 6 (i.e., vRB1,
vRB2, and vRB3) to satisfy its demand (i.e., 6× 3 = 18 > 16).
A possible way to improve the MCS of g3 is to divide it into two
subgroups: n1 with u5 and n2 with u6, since we can allocate
different vRBs to each subgroup. If we allocate vRB7 to n1 and
vRB4 to n2, their MCSs can reach 16 (see Fig. 5(d)). In this way,
we require only two vRBs to satisfy their demands. However, it
is not feasible when g3 is restricted to using numerologies 0 and
1, and vRB7 belongs to numerology 2, which is not an available
candidate numerology for g3. Another option is to allocate vRB5

and vRB6 to n1 and vRB1 and vRB2 to n2, which can increase

Fig. 5. An example of assigning MCS, where each value within the grid (BU)
in 5(a) and 5(b) represents the MCSs that can be used by the users u5 and u6,
respectively.

their MCSs to 8 (see Fig. 5(d)). However, it requires four vRBs
in total, more than three vRBs without subgrouping. Therefore,
it is challenging to split a multicast group while considering
candidate numerologies and MCS.

C3) Resource fragmentation with NR and multi-connectivity:
In NR, improper allocation of various vRB shapes can result
in resource fragmentation [7], and that unused BUs are not
contiguous and are barely connected to form a large resource
fragment. In other words, these resource fragments are small and
scattered, leading to resource waste when a higher rate demand
for a multicast group cannot be met, as shown in Fig. 6(a). Multi-
connectivity can mitigate resource waste by allocating resource
fragments from multiple BSs. However, when the fragments,
allocated to multicast groups in different BSs, share some BUs,
multi-connectivity generates co-tier interference, which lowers
vRB’s rate, and thus cannot effectively deal with the resource
fragmentation.

For example, in Fig. 6(b), allocating vRB26 to g6 causes
co-tier interference with g4 using vRB21 because they share
identical BUs. This interference reduces the rate of vRB26 to a
level that does not meet the rate demands of g6. To meet the rate
demand of g6, we alternatively allocate vRB19 and vRB20 with
reduced co-tier interference. If there are no other groups that can
avoid co-tier interference withg4 when using vRB26, then vRB26

will be unallocated and become unused, leading to resource
fragmentation. Moreover, the bandwidth part constraint [1],
[6] allows a group of users to use only one numerology in a
set of vRBs in a single slot duration, undermining effective
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Fig. 6. Resource fragmentation with NR and multi-connectivity. Each color
of a vRB represents a type of numerology. Green: Numerology 1; Yellow:
Numerology 2; Blue: Numerology 3.

handling of resource fragmentation. For example, allocating
vRB26 and vRB28 using numerologies 1 and 2, respectively, to
g5 in a single slot duration is infeasible due to the bandwidth part
constraint. Hence, it is necessary to examine co-tier interference
and numerology when allocating vRBs across multiple BSs.

IV. APPROXIMATION ALGORITHM

To address M3DRAP, an intuitive approach is to associate each
user with a BS according to SINR [46], and users in a multicast
group connected to a specific BS are grouped into a subgroup.
For each subgroup n in BS s, it selects the smallest numerology
μ from its candidate numerologies to avoid rate degradation
caused by occupying a few channels.13 Afterward, for each BS,
it iteratively allocates vRBs to the multicast subgroup with the
maximum measured SINR value [21] from left to right, and
then from top to bottom of the frame in each layer, and the
allocated vRBs adopt the numerology μ chosen for subgroup
n. However, the above algorithm does not consider INI and co-
tier interference when shared locations of vRBs are located in
different layers of BSs. Also, it does not exploit NOMA and
multi-connectivity to enhance throughput.

To address the above issues, we design an approximation
algorithm Multi-BS, Multi-layer RB Allocation with Multi-
cast (M2RBAM) with the following phases: 1) Multicast Zone
Formation (MZF), 2) Multicast Zone Displacement and Allo-
cation (MZDA), 3) Multicast subgroup Splitting and Multi-
connectivity Update (MSMU), and 4) vRB Alteration (VA).
Specifically, MZF first tentatively associates each user with the

13A vRB using a larger numerology spans more BUs in the frequency domain,
and the MCS of the vRB is decided by the worst channel quality of the channels
that the vRB spans.

nearest BS, and the users in the same multicast group and BS
are clustered into an identical subgroup. The subgroups and BS
associations will be improved in MSMU afterward. Then, MZF
selects a numerology for each subgroup according to the Mul-
ticast Inter-Numerology Relation (MINR), which examines the
relation between multicast subgroups’ candidate numerologies
within each BS to avoid INI. Next, it forms a bounded rectangle,
called a zone, to allocate vRBs using an identical shape to
meet C3. To address C2, MZDA then iteratively displaces zones
between different layers by examining Layer Dissimilarity (LD)
to alleviate INI, and it allocates the locations of zones in each
layer to reduce the overlap of vRBs using different shapes.

To enhance the flexibility of resource allocation and follow
C2, MSMU then evaluates Subgrouping Nonuniformity (SN) to
split each multicast subgroup into smaller sub-subgroups while
ensuring the total number of allocated vRBs will not increase.
SN calculates the difference in the MCS of a multicast subgroup
and the MCS of each user in this subgroup, to evaluate the
deterioration of throughput caused by users with worse channel
gains. In MSMU, we address C3 by Segmentation Preference
(SP), which evaluates the proportion of allocated vRBs suffering
from co-tier interference. We adjust the multicast sub-subgroup
association by segmenting the allocated vRBs with high co-tier
interference and replacing these vRBs with vRBs in adjacent
BSs (i.e., the sub-subgroup will use vRBs in different BSs) to
alleviate co-tier interference. The bandwidth part constraint in
NR is ensured since our adjustment will not change the numerol-
ogy (i.e., when vRBs are allocated in adjacent BSs, they choose
the same numerology as the segmented vRBs). Afterward, to
exploit NOMA, VA adjusts the location of the vRBs for C1
to enhance the channel gain difference between multicast sub-
subgroups in different layers to maximize the weighted sum rate.
Moreover, VA assigns the unused areas (resource fragments) of
the frame to satisfy more multicast sub-subgroups by examining
their numerologies that can fit in those areas, whereas smaller
numerologies (which span less frequency) are considered to
avoid decreasing the rate when allocating vRBs with a longer
length. Due to the limited space, the pseudocode is presented
in Appendix E, available online. Moreover, further descriptions
for M2RBAM, including its motivation and technical insights,
step-by-step description, input and output of each phase, and
objective, are provided in Appendix F, available online. The
example of M2RBAM is presented in Appendix G, available
online.

A. Phase 1: MZF

Since users in a multicast group may be located in different
BSs, MZF initially divides each multicast group into subgroups
according to the distance between the users and BSs, and the
multicast subgroups and BS associations will be improved in
MSMU later. Specifically, for each multicast group g, MZF first
associates each user u ∈ Ug with the nearest BS, and the users
in g connecting to the same BS s are then clustered into an
identical subgroup m, where the subgroup inherits the set of
candidate numerologies and the rate demand since the users
from the same multicast group have identical requirements for
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Fig. 7. Example of the vRBs and zone.

numerology and data rate (i.e., Cm = Cg and qm = qg) [12].
We denote Ks

m as the set of users in multicast subgroup m
associating with BS s and add m to Ms, which represents
the set of multicast subgroups associated with BS s. MZF first
chooses an initial numerology μm in Cm with the maximum
MINR (detailed later) to reduce INI. Then for each subgroup
m ∈ Ms, MZF concatenates its required vRBs along the time
axis to create a zone using μm to prevent resource fragmentation
and ensure that the subgroup’s rate demand is met. If the number
of required vRBs exceeds the width of the radio frame (i.e., T ),
we allocate the remaining vRBs from the next row (frequency).
Fig. 7 presents a radio frame with width T = 16 and a single
frequency that can accommodate up to two vRBs with μ = 1.
Subgroup m1 needs three vRBs (vRB1, vRB2, and vRB3) with
μ1 = 1 to meet the rate demand, exceeding T . Consequently,
the third vRB (vRB3) in the next frequency is allocated.

We define Zone Width Requirement (ZWR) to indicate the
requirement that the width of the zones in ZMH should exceed
1
2T . Then, when referring to this requirement for the rest of
the paragraph, we refer to this term to reduce redundancy and
enhance clarity. ZWR is essential for establishing the approxi-
mation ratio of the weighted sum rate. This requirement serves
as a foundational element in comparing the number of BUs
allocated by our proposed algorithm to an optimal solution
(detailed in the proof of approximation ratio in Appendix N,
available online). We categorize the zones into two sets by
examining if their width is shorter than 1

2T .14 For each zone
satisfying ZWR, residual vRBs at the last frequency are allocated
to form a rectangle,15 ensuring contiguous allocation with the
same vRB shape to avoid resource fragmentation. As shown
in Fig. 7, we create a zone z1 for group m1, and vRB4 will be
included in zone z1 as a residual vRB to form a rectangle. On the
other hand, to ensure the approximation ratio, each zone shorter
than 1

2T using numerology μ is concatenated with other zones
that also use μ until it satisfies ZWR, forming a larger zone z′.
Afterward, we add z′ to ZMH, where the relationship among
vRBs, ZLH, and ZMH in MZF is depicted in Fig. 8. Finally,
MZF iteratively selects the zone with the maximum weighted
sum rate into the first available layer.

Specifically, for the numerology to be used in the zone, in
each BS s, we first define MINR of numerology μ as Ns

μ =∑
m∈Ms |Cm ∩ {μ}| · |ℳ \ Cm|, ∀μ ∈ ℳ, indicating whether

1) μ is in more multicast subgroups’ candidate numerology sets

14A zone is a bounded rectangle that includes a set of vRBs with an identical
shape (i.e., using the same numerology). We will prove that ZWR is critical to
ensuring the approximation ratio.

15Note that the residual vRBs are only used to form a rectangle and will be
allocated to other subgroups in phase VA.

Fig. 8. Relationship among vRBs, ZLH, and ZMH in MZF.

and 2) each considered set Cm contains fewer other numerolo-
gies. Therefore, numerology μ with broader applicability and
limited alternatives is assigned a higher MINR to minimize
INI, since μ can be utilized by more multicast subgroups with
fewer choices of other numerologies.16 In each BS s, for every
multicast subgroup m ∈ Ms, MZF chooses the numerology μm

with the maximum MINR in Cm and forms zone zm using the
chosen numerology. The zone encompassesSm = 
 qm

Bmin �vRBs
to fulfillm’s rate demand by using the minimum achievable rate,
where Bmin represents the minimum achievable data rate on the
vRB with the most robust MCS. This choice ensures a suffi-
cient zone space for potential MCS changes during subsequent
adjustments.

To ensure the approximation ratio, MZF categorizes the zones
into two sets ZMH and ZLH according to their width, where LH
and MH stand for less than half and more than half, respectively.
Less than half represents that the width of a zone is shorter
than 1

2T , while more than half implies that ZWR is ensured,
or the required vRBs span more than one channel (frequency).
The zones in ZLH are building blocks of the zones in ZMH and
will be integrated to further reduce resource waste, where the
relationship among vRBs, ZLH, and ZMH in MZF is depicted in
Fig. 8. By choosing the zones in ZMH, at least half of the frame
is allocated to ensure the approximation ratio (detailed later).
Specifically, if the width Sm·2μmax−μm of the required vRBs
of multicast subgroup m satisfies ZWR, MZF adds zone zm to
ZMH; otherwise, it adds zone zm to ZLH. To avoid resource
fragmentation, each zone z ∈ ZMH is configured as a rectangle
with length (frequency span) Kz = 
Sm·2µmax−µm

T � · 2μm and
width T , where the residual vRBs at the last frequency are also
included in the zone to form a rectangle but will be used by other
multicast subgroups in MSMU and VA. For each numerology
μ, MZF iteratively selects the zone in ZLH using μ until the
total width of the chosen zones satisfies ZWR to ensure the
approximation ratio, and then it concatenates the zones along
the time axis to form a new zone z′ and adds z′ to ZMH.

To optimize system throughput, for each BS s, MZF then
iteratively selects the zone in ZMH with the maximum weighted
sum rate to add it to the layer with the smallest index that has
sufficient space. Note that in the above zone selection process,
we prioritize zones whose length is at least 1

2F (i.e., zones
in ZMH),17 because smaller zones (i.e., the zones with length
shorter than 1

2F ) contain fewer vRBs and can be allocated more

16INI will be smaller if more multicast subgroups share an identical numerol-
ogy [11].

17In Theorem 3, we will prove that this selection strategy can ensure that
every layer is allocated at least half of its space and is vital to ensuring the
approximation ratio.
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flexibly later. MZF stops when there is insufficient residual
frequency span (bandwidth) in every layer to allocate zones or
every zone has been allocated.

B. Phase 2: MZDA

In this phase, MZD aims to reduce INI by displacing zones
according to the dissimilarity of numerology in different layers.
MZA then assigns the location of zones in each layer for each
BS to maximize the weighted sum rate. Specifically, we define
dissimilarity for each numerology μ in BS s as the ratio of 1) the
difference in the frequency spans between the zones using μ in
different layers to 2) all available layers. The ratio is expressed

by κs
μ =

∑
l∈Ls

∑
l̂∈Ls|l̂ �=l

|As
l,µ−As

l̂,µ
|

L , ∀μ ∈ ℳ, s ∈ S, where
As

l,μ is the total frequency span of the zones using numerology
μ in layer l of BS s. Accordingly, a larger dissimilarity is likely
to induce more INI due to the nonperfect alignment in different
layers, and the overall dissimilarity is defined as the LD of BS
s, i.e.,

∑
μ∈ℳ κs

μ.
For each BS s, MZD iteratively finds the numerology μ with

the largest dissimilarity and extracts the zone z in layer l with
the largest As

l,μ, which will be displaced by a zone z′ using μ
in a different layer l′, if 1) there is sufficient residual bandwidth
in the two layers18 and 2) LD can be reduced to alleviate INI.
MZD iteratively examines each zone in each layer to find zone
z′, and it then swaps the layers of the zones z and z′ to reduce
INI. Note that if there is no zone using μ in Zl′ but there is
sufficient residual bandwidth in l′ to fit in z, we directly move
z to l′ accordingly. MZD iteratively operates the above process
until LD cannot be further reduced.

Afterward, to align the zones with the same numerology
in different layers for INI alleviation, MZA selects the layer
with the fewest zones in BS s as a base layer lsbase, because
fewer zones imply that the layer is less flexible to adjust.MZA
allocates the location of each zone in other layers to align the
zone with the identical numerology in lsbase for reducing INI
among different layers.19 Specifically, for each numerology μ
in each layer (including the base layer), MZA first concatenates
the zones with the same numerology μ along the frequency axis,
because sharing the vRBs using the same numerology can avoid
INI. Then, MZA calculates the total frequency span of μ. For
the base layer lsbase, MZA iteratively allocates the concatenated
zones, in descending order of the total frequency span (to miti-
gate INI when allocating vRBs with a longer length), from the
lowest frequency of lsbase for better alignment in a radio frame
and reduced fragmentation. Let fμ,s be the lowest frequency
occupied by the concatenated zone using μ in the base layer
lsbase. For each layer l ∈ Ls \ {lsbase}, from the lowest frequency,
MZA iteratively assigns the location of the concatenated zone
with μ by aligning its frequency to fμ,s to avoid generating
INI (because they share the same numerology μ). If there is no

18That is, Kz ≤ Kz′ + lrl′ and Kz′ ≤ Kz + lrl, where lrl = F −∑
z∈Zl

Kz is the residual bandwidth in layer l, and Zl is the set of zones

allocated in layer l.
19Note that the allocation and adjustment are performed in the frequency axis

since the width (i.e., slot duration in the time domain) of each zone here is at
least 1

2 after the first phase MZF.

sufficient space for assigning the location of the zone, starting
from the last zone (i.e., the zone at the maximum frequency),
MZA sequentially reassigns the location of all the other zones
downward along the frequency axis until all the zones, selected
in the first phase MZF, can be allocated.

C. Phase 3: MSMU

MSMU first evaluates Subgrouping Nonuniformity (SN) to
split each multicast subgroup into sub-subgroups to address
throughput degradation caused by users with poor channel gains.
Next, to maximize the weighted sum rate and reduce resource
waste, MSMU exploits multi-connectivity to replace some allo-
cated vRBs of each multicast subgroup with vRBs in adjacent
BSs (i.e., each subgroup will be served by multiple BSs), by
examining Segmentation Preference (SP), which evaluates the
proportion of the allocated vRBs suffering from co-tier interfer-
ence.

Specifically, let MCSm be the most robust MCS that can
be used by multicast subgroup m and Bm be the achievable
data rate in a vRB with MCSm. For each subgroup m ∈ Ms,
MSMU improves the weighted sum rate by identifying MCSm
as the most robust MCS used in the vRBs allocated tom. Hence,
MCSm must be no worse than the initial MCS that was used to
determine the minimum achievable data rate Bmin on a vRB
in MZF. MSMU then releases 
 qm

Bmin � − 
 qm
Bm

� vRBs from the
highest to the lowest frequency allocated within zm for subgroup
m. This is because releasing vRBs from the highest to the lowest
frequency avoids creating additional resource fragments, since
the zones were aligned from a lower frequency in MZDA.

For each BS s, MSMU then examines SN to iteratively
split each multicast subgroup m ∈ Ms to diminish throughput
degradation caused by the users with the worst channel gain.
Specifically, the SN of each multicast subgroup m is

∑
u∈Ks

m
(MCSu −MCSm)

|Ks
m| , ∀m ∈ Ms, ∀s ∈ S, (4)

representing the average MCS gap between subgroup m and
each user inm. Hence, a larger SN implies a greater deterioration
in throughput (caused by the user with the worst channel gain),
and consequently, there are more opportunities to enhance it. For
each multicast subgroup in each BS, MSMU iteratively selects
the multicast subgroup m with the largest SN to split it into sub-
subgroups, such that the largest MCS gap in each sub-subgroups
becomes smaller to alleviate throughput degradation. To break
the tie, MSMU chooses the multicast subgroup m ∈ Ms with
a smaller MCSm since improving a smaller MCS can increase
the total weighted sum rate. MSMU sorts the users in m in
ascending order of their MCSs and finds the largest difference
in MCSs between two adjacent users u and v to split m into
two sub-subgroups and add them into Ms. User u and users
with MCS no more than u are clustered into a sub-subgroup n,
while v and users with MCS no less v are clustered into another
sub-subgroup n′.

For sub-subgroup n′, the MCS is set to MCSv since it is
the most robust one. MSMU then releases 
 qm

Bm
� − 
 qn′

Bn′ � vRBs
from the highest frequency to the lowest frequency allocated
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in zm (i.e., allocated zone of multicast sub-subgroup m) to
ensure that the allocated vRBs just meets the rate demand. For
sub-subgroup n, MSMU allocates the vRB in a left-to-right
and then top-to-bottom order in the unused area of zm starting
from the location with MCSn > MCSm,20 because it allows
us to align the locations that were released in the previous
phase. Note that MSMU only adopts the above subgrouping
and allocation if updating the allocation will not increase the
number of allocated vRBs and can satisfy the rate demand of
the divided sub-subgroups.

The following process is applied to both subgroups and sub-
subgroups. For ease of presentation, we use ”sub-subgroup”
to represent both of them. To deal with co-tier interference,
we examine SP to adjust multicast sub-subgroup (or subgroup)
association by segmenting the allocated vRBs to replace them
with vRBs in adjacent BSs. The SP of each sub-subgroup is
defined as the proportion of the allocated vRBs suffering from
co-tier interference, i.e.,

∑
b∈B βn,b·ξb∑
b∈B βn,b

, where ξb = 1 if vRB b

suffers from co-tier interference; otherwise, ξb = 0. A larger SP
represents that the multicast sub-subgroup suffers from more
severe co-tier interference. It is more desirable to segment this
sub-subgroup’s vRBs suffering from interference and replace
them with the vRBs in adjacent BSs, such that the sub-subgroup
will be served by multiple BSs with lower interference to in-
crease the weighted sum rate.

Note that a multicast sub-subgroup can associate with a BS
only if all its members are able to associate with it. Since
adjusting vRBs in a BS with more multicast sub-subgroups
potentially disrupts a larger number of sub-subgroups in adjacent
BSs, MSMU sequentially examines each BS s in descending
order of the number of multicast sub-subgroups associated with
it (i.e., |Ms| that is determined in the first phase MZF). For
each BS s, MSMU iteratively segments vRB b, which suffers
from co-tier interference, of sub-subgroup n ∈ Ms with the
largest SP to increase the weighted sum rate by reducing co-tier
interference.

Let Sn be the set of BSs that can be associated with the users
in sub-subgroup n. MSMU searches BSs ∀s′ ∈ Sn, s

′ �= s in
descending order of |Ms| and finds the unused areas from upper-
left to bottom-right of the frame for each layer to fit in with vRB
b. Then MSMU updates the MCS of vRB b according to channel
quality. MSMU repeats the above process if SP decreases and
the total weighted sum rate increases.

D. Phase 4: VA

For each BS, VA alters the locations of each multicast sub-
subgroup’s vRBs by exploiting NOMA and allocates resid-
ual vRBs to satisfy more multicast subgroups to increase the
weighted sum rate. For each multicast sub-subgroup n in each
BS s, VA iteratively selects vRB b ∈ Bn that has the smallest
channel gain difference with the other vRBs that share some
common BUs with b in different layers in BS s. To exploit

20We allocate multicast sub-subgroups to increase the weighted sum rate
without violating the allocated multicast sub-subgroups’ rate demand to ensure
the approximation ratio.

NOMA, VA adjusts b’s location to another unused location with
the same frequency to avoid variation in channel quality if the
weighted sum rate increases, where the rate of each vRB is
calculated according to (1).

Afterward, for each BS s, VA allocates unused areas (resource
fragments) to multicast subgroups in Ms that have not been
allocated, to maximize the weighted sum rate. Each layer l in
BS s has a set of unused areas denoted by Es

l = {esl,1, esl,2, . . .}.
CT s

l,i represents the maximum slot duration of esl,i ∈ Es
l . To

avoid decreasing the rate (MCS) when allocating vRBs with a
longer length (which span a wider frequency), VA iteratively
chooses the multicast subgroup that 1) includes the maximum
weighted sum rate and 2) can be allocated with vRBs using
the smallest numerology21 for fitting in esl,i, i.e., numerology
μesl,i

= max{μmax − �log2 CT s
l,i
, 0}, where the constant term

0 ensures a non-negative numerology. If there is no μesl,i
in any

multicast subgroup m’s set of candidate numerologies Cm, VA
iteratively increases μesl,i

by 1 and repeats the above process
until all multicast subgroups are allocated or the weighted sum
rate cannot be improved.

V. RESOURCE ALLOCATION FOR M3DRAP IN A SINGLE B5G
USAGE SCENARIO

This section explores the resource allocation for a single
B5G usage scenario (i.e., each multicast group has the same
set of candidate numerologies) to find the intrinsic properties of
M3DRAP. We consider NR and NOMA in a single BS without
multicast subgrouping and multi-connectivity to find a better
solution. B5G and 6 G private networks support many practical
applications. For example, an ISP provides a private network
for a specific B5G usage scenario (e.g., mMTC or URLLC) in a
smart factory to multicast control data for robotic arms or ma-
chines [22], [23], [24]. For more details, please refer to Appendix
A, available online. As a result, the multicast groups in a private
network have an identical set of candidate numerologies. For
each multicast group in Constrained M3DRAP (C-M3DRAP),
we let C ⊆ ℳ be the set of candidate numerologies for a single
B5G usage scenario. For NOMA, we follow [47], [48], [49] to
consider only two layers in a frame, which is implemented in
most systems, e.g., NTT DoCoMo [42] and Google LLC [43],
because an increase of layers will induce higher computation
overheads for performing SIC [47]. Following [18], [50], let ρg
denote the rate requirement of multicast group g ∈ G, which
can be set according to the channel state and SLA [45]. The
other constraints are the same as M3DRAP.

To solve C-M3DRAP, we propose a new approximation al-
gorithm, Multi-Matching Allocation Algorithm (MMAA), to
allocate vRBs to each multicast group to maximize the weighted
sum rate. Due to the limited space, we present the pseudocode of
MMAA in Appendix H, available online. For each numerology
μ, MMAA first creates a candidate solution by dividing a radio
frame (as indicated by the shaded gray cuboid) into a grid of
vRBs (e.g., each green rectangle represents a vRB in Fig. 9) for

21Note that the slot duration of a vRB increases exponentially by a factor of 2.
A larger numerology means that a vRB has a longer length and a shorter width.
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Fig. 9. An example of dividing the frame into a set of vRBs using µ = 1,
where the two diagrams below represent each layer in the system and µmax is
4in this example.

two layers, where the shape of each vRB is set according to μ.
MMAA then allocates each vRB to the multicast group with the
maximum weighted sum rate to find an initial candidate solution.
Afterward, for each candidate solution, MMAA allocates vRBs
with different numerologies to improve the weighted sum rate.
Finally, MMAA chooses the candidate solution with the maxi-
mum weighted sum rate to ensure the approximation ratio. Due
to the limited space, we detail the relationship and differences
between MMAA and M2RBAM in Appendix I, available online,
and describe how to apply M2RBAM to a single B5G scenario
in Appendix J, available online.

Specifically, for each candidate numerology μ ∈ C, MMAA
first divides the radio frame into a grid of vRBs using μ, where
each vRB has a length of 2μ in the frequency domain and a width
of 2μmax−μ in the time domain (see Section III-A). Let Bμ =
{bμ,1, bμ,2, . . . , bμ,|Bµ|} be the set of vRBs using numerology μ.
It is noteworthy that the cardinality |Bμ| = � F

2µ 
 · T
2µmax−µ · 2

because we consider two layers.22 For example, in Fig. 9, we
divide the radio frame into � 7

21 
 · 16
24−1 · 2 = 12 vRBs using

μ = 1. Since each multicast group can have multiple vRBs, we
present one-to-many matching to solve C-M3DRAP, in which
multiple multicast groups interact with one vRB. Then, we
construct a weighted bipartite graph Γμ = 〈(G, Bμ), Eμ, wμ〉
of numerology μ, where Eμ ⊆ G ×Bμ is the set of edges, and
wμ : Eμ → R+ is the weight representing the weighted sum
rate of a multicast group on a vRB using μ. Let degEµ

(b) and
degEµ

(g) be the number of selected edges incident to vRB b
and multicast group g, respectively. Each vRB b ∈ Bμ can be
allocated to only one multicast group, i.e., degEµ

(b) ≤ 1. To
ensure fairness, we restrict the number of vRBs allocated to each
multicast group according to its channel state and SLA [45], i.e.,
degEµ

(g) ≤ c(g), ∀g ∈ G, where c(g) denotes the maximum
number of vRBs that can be allocated to group g.

For each numerology, we start with an empty solution set Sμ.
MMAA iteratively selects an edge from Γμ, which is connected
to vRB b using μ, with the maximum weight to form a matching
assignment of a multicast group and a vRB. This assignment
(g, b) is added to Sμ only if Sμ ∪ {(g, b)} satisfies the above
constraints. Note that Bμ includes all vRBs using μ in two

22Note that in the case that the radio frame can be divided by each numerology
(i.e., F mod 2µmax = 0), the number of vRBs that can be allocated is the same
for each numerology.

layers and has cardinality � F
2µ 
 · T

2µmax−µ · 2. Since we number
the vRBs from top-left to bottom-right when dividing the radio
frame with two layers, two vRBs overlap only if their index
difference is � F

2µ 
 · T
2µmax−µ . As shown in Fig. 9, vRBs b1,1 and

b1,7 overlap because 7− 1 = 6 = � 7
21 
 · 16

24−1 . The overlapped
vRBs using an identical numerology can be successively de-
coded layer-by-layer using SIC without generating INI [51].23

To overcome the situation that the number of BUs in the
frequency domain F is not divisible by 2μ, we leverage vRBs
with other shapes, enabling efficient utilization of the entire
radio frame and improving the solution. As shown in Fig. 9,
partitioning the frame by only using RBs using μ = 1 will leave
unusable residual space (the blank area below the frame). There-
fore, to prioritize vRBs fitted into this residual space, MMAA
iteratively allocates the vRBs using the smallest numerology
in C to the multicast group with the maximum weighted sum
rate. This is because vRBs using a smaller numerology have a
shorter length and are more likely to fit into the residual space
without exceeding F . After obtaining all candidate solutions
Sμ, ∀μ ∈ C, MMAA takes the one with the maximum weighted
sum rate as the final solution. Due to the limited space, the
example of MMAA is presented in Appendix K, available online.

VI. THEORETICAL ANALYSIS

Due to the limited space, the detailed proofs are presented in
appendices, available online.

Theorem 1: M3DRAP is NP-hard.
Proof: The detailed proof is provided in Appendix L, avail-

able online. �
Theorem 2: There is no ( 12 + p)-approximation algorithm for

M3DRAP unless P = NP , where p is the proportion of the
highest data rate in a vRB to the total data rate of all vRBs.

Proof: The detailed proof is provided in Appendix M, avail-
able online. �

Theorem 3: M2RBAM is a 1
8c1c2-approximation algorithm

for M3DRAP, where c1 = Bmin

Bmax ,24 and Bmin and Bmax de-
note the lowest and the highest achievable data rate in a vRB,
respectively. c2 = Kmin

Kmax ,25 where Kmin and Kmax represent
the minimum and maximum number of users in a multicast
subgroup splitting in MZF, respectively.

Proof: The detailed proof is provided in Appendix N, avail-
able online. �

Theorem 4: The time complexity of M2RBAM is O((|U |2 +
|U ||S|+ |B|) · |S|), which indicates that M2RBAM converges
after executing (|U |2 + |U ||S|+ |B|) · |S| elementary opera-
tions.

Proof: The detailed proof is provided in Appendix O.1, avail-
able online. �

23This approach allows for increased data rates for a single multicast group
when multiple vRBs overlap for the group [29].

24Practically, the gap between Bmin and Bmax is small because the network
operator usually prioritizes higher MCSs to optimize throughput for bandwidth-
hungry B5G usage scenarios [52], [53].

25Following [29], [54], [55], multicast users are evenly distributed for each
multicast group under the coverage of each BS, and therefore the gap between
Kmin and Kmax is small.
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Theorem 5: MMAA is a 1
2|C| -approximation algorithm for

C-M3DRAP, where |C| is the number of available numerologies.
Proof: The detailed proof is provided in Appendix P, avail-

able online. �
Theorem 6: The time complexity of MMAA is

O((|G||B|) log(|G||B|)), where |B| is the maximum number
of vRBs that a frame can be divided into using a numerology.

Proof: The detailed proof is provided in Appendix O.2, avail-
able online. �

VII. SIMULATION

A. Simulation Setup

We evaluate M2RBAM in a multi-BS network with NOMA
and NR. For URLLC services with stringent latency require-
ments, the candidate numerologies include {3, 4} [56]. Fol-
lowing [5] and [6], the candidate numerologies of the eMBB
and mMTC services are chosen from {1, 2, 3, 4} and {0, 1},
respectively. According to the 3GPP specification [1], [7], [21],
the SCS and the time duration of μ = {0, 1, 2, 3, 4} are (15 kHz,
1 ms), (30 kHz, 0.5 ms), (60 kHz, 0.25 ms), (120 kHz, 0.125 ms),
and (240 kHz, 0.0625 ms), respectively. The bandwidth of the
radio frame is set to 10 MHz. Following [9], [39], we con-
sider 7 BSs with a radius of 500 meters, and the maximum
transmission power of each BS is set to 38 dBm by default.
Path loss, shadowing model, and MCS are set according to
the 3GPP specifications [16], [57], [58]. The path loss model
follows the macro propagation model for outdoor urban ar-
eas [57], where the shadowing model is log-normal with zero
mean and σ2 variance, with a standard deviation of 8 [58]. The
MCS ranges from QPSK-256QAM [16], and the AWGN power
spectral density is set to −174 dBm/Hz [34]. Following [59], we
consider two user deployments, namely Cell-edge and Random.
In Cell-edge, users are uniformly distributed in a region between
a radius of [400, 500] meters near the edge of BSs, whereas
users are uniformly distributed over the whole coverage of
BSs in Random. The default numbers of layers and multicast
groups are 2 and 10, respectively [8]. The default number of
users in a group is 15 that request identical data [29]. The rate
demands of multicast groups are set according to [35], and the
weight ρg of each group g ranges from 0.01 to 1 according to
SLA [45].

We compare M2RBAM and MMAA with 1) assignment
in MultiHoming NOMA networks (MHNO) [15], 2) Group-
Level allocation (GL) [41] with Integrated Iterative Algorithm
(IIA) [18] to support multicast and multi-connectivity, 3) Sliding
Window (SW) based scheme [21], 4) Iterative Greedy Algo-
rithm (IGA) [7], and 5) Modified Swap-Enabled Matching Al-
gorithm (MSEMA) [25]. MHNO considers multi-connectivity
in a NOMA network and iteratively selects the PRB with the
maximum throughput increment for each user. GL+IIA first uses
K-means++ [41] to cluster users into multicast subgroups to
minimize the average difference in SINR among each subgroup.
Then it associates each subgroup with the BS with the highest
SINR and iteratively assigns each PRB to the subgroup that
achieves the maximal data rate on the PRB. SW sequentially
allocates each PRB to the user with the best average channel
state, and IGA iteratively allocates PRBs to the user demanding

Fig. 10. Performance for different numbers of layers.

the fewest PRBs. MSEMA first employs a many-to-one match-
ing algorithm to assign users to each PRB and then adjusts the
assignment to share PRBs. We change the parameters: 1) number
of layers, 2) number of multicast groups [29], 3) number of users
in a multicast group, and 4) number of numerologies. We eval-
uate the following performance metrics: 1) weighted sum rate
(Mbps), 2) Jain’s index [60],26 and 3) satisfaction ratio, which
is the number of allocated users divided by the total number of
users. Each result is averaged over 1000 times. Due to the limited
space, simulation results of M3DRAP with different minimum
rate requirements among users and for different numbers of
users in a group, and numerical results over phases of M3DRAP,
are presented in Appendix Q, available online. In addition, we
compare M2RBAM with four ablation studies in Appendix R,
available online.

B. Simulation Results for General M3DRAP

As shown in Fig. 10, the weighted sum rate (in Fig. 10(a) and
(b)) and satisfaction ratio (in Fig. 10(c) and (d)) of M2RBAM
improve as the number of layers increases. This is because
M2RBAM examines LD to reduce INI and increases the channel

26The index is expressed as
(
∑U

u=1
ru)2

U
∑U

u=1
r2u

[60], and a higher value implies

better fairness, where ru is the average data rate of user u.
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gain difference between users in different layers to properly
exploit NOMA. In contrast, the baselines remain steady because
they do not examine different vRB shapes for sharing and
tend to incur severe INI. As the number of layers grows, the
number of vRBs increases because each BU can be shared by
more multicast subgroups (i.e., a vRB is allowed to overlap
with more vRBs). However, adding layers can also introduce
additional NOMA interference, co-tier interference, and INI
between multicast subgroups on different layers. Specifically,
in Fig. 10(e), with a minimum rate requirement of 40 Mbps
(adjusted to 10 Mbps in Fig. 10(f)), higher rate requirements
necessitate more vRBs to satisfy multicast group demands.
When the number of layers is between 2 and 4, the constrained
number of BUs in a radio frame leads to inevitable interference
among groups, degrading the weighted sum rate when attempt-
ing to allocate more groups and limiting the improvement of the
weighted sum rate by M2RBAM. However, when the number of
layers increases to 5, M2RBAM gains the flexibility to mitigate
interference by adjusting the locations of allocated vRBs or by
segmenting them for the subgroups to reduce interference. Thus,
the negative impacts of interference arising from increasing the
number of layers can be well mitigated, leading to a significant
improvement in the weighted sum rate. For the two deployments,
the Random deployment induces a higher weighted sum rate for
all schemes since the users’ channel conditions are relatively
poor in the Cell-edge. In general, M2RBAM can improve more
than 50% of the weighted sum rate and 60% of the satisfaction
ratio compared with the baselines.

Fig. 11 investigates the impact of different numbers of multi-
cast groups on the weighted sum rate, fairness, and satisfaction
ratio. In Fig. 11(a) and (b), as the number of multicast groups
increases, it leads to an increase in the number of users because
we fix the number of users in each group. The increasing groups
provide more options for M2RBAM to form several multicast
subgroups and to flexibly exploit the remaining space in the
frame to maximize the weighted sum rate. Moreover, M2RBAM
leverages MINR to construct zones to avoid resource fragmen-
tation and displaces zones in different layers to decrease LD and
alleviate INI. In contrast, IGA only allocates PRBs to each indi-
vidual user, and it is thereby difficult to appropriately serve users
simultaneously by multicast. By comparing Fig. 11(c) with (d),
Random deployment maintains a higher satisfaction ratio since
the cell-edge multicast groups need more resources to satisfy
their demands, and thereby the network in this case can only
serve fewer multicast groups. In Fig. 11(e) and (f), the fairness
(Jain’s index) decreases as more multicast groups compete for
limited PRB resources since some rate demands may not be
satisfied. However, M2RBAM achieves better fairness because
it carefully examines SN and SP to associate a multicast group
with BSs by vRB segmentation to avoid trapping in local optima.
MHNO and SW result in poor satisfaction and fairness since
they prioritize a small number of users with high rate demands
to maximize the weighted sum rate at the expense of many
users with lower rate demands. GL+IIA has the poorest fairness,
because the users with poor channel gains require more PRBs to
achieve the group’s rate demands, leading to a PRB shortage for
other groups and unfair PRB allocation. Moreover, allocating
each PRB to the subgroup with the maximal data rate further

Fig. 11. Performance for different numbers of groups.

Fig. 12. Performance for different numbers of numerologies.

exacerbates unfairness as it concentrates on a small number of
groups with higher rates.

When more numerologies are available, resource fragmenta-
tion and INI become severe because more vRBs using different
shapes become unaligned and overlapped if the algorithms do
not properly address C1 and C3 during the vRB allocation. In
Fig. 12(a) and (b), the performance gap between M2RBAM and
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the baselines increases when the number of available numerolo-
gies grows. This is because M2RBAM chooses the numerology
and constructs a zone for each subgroup according to MINR
to efficiently alleviate INI. Furthermore, M2RBAM categorizes
the zones into two sets (ZMH and ZLH) according to the time
duration of the required vRBs to avoid incomplete alignment.
In contrast, the baselines do not consider the INI generated
between users when they adopt different numerologies to share
a PRB. Thus, their weighted sum rates are lower when more
numerologies are available. Multi-connectivity efficiency also
increases when more numerologies are available, because the
fragmented vRB space can be properly filled by different vRB
shapes. In Fig. 12(c) and (d), M2RBAM satisfies most users
by carefully examining SP to segment the vRBs and assign the
vRBs to unallocated space within other BSs. It also carefully
examines different shapes of vRBs to schedule more users in
the residual frame space in VA.

C. Simulation Results for C-M3DRAP

In the following, we consider the mMTC scenario with the set
of candidate numerologies as μ = {0, 1, 2} [56]. The number of
users in a multicast group is 5, and the number of multicast
groups is 100 by default. MMAA outperforms the baselines
in Fig. 13(a) because it iteratively adds the matching assign-
ment that achieves the maximum weighted sum rate and avoids
generating INI by first considering only the vRBs using the
same numerology. Compared to the baselines, M2RBAM is
close to MMAA, because M2RBAM optimizes the weighted
sum rate by evaluating MINR to establish the zones to prevent
resource fragmentation, and it also displaces the zones using
different shapes by measuring LD to mitigate INI. However,
M2RBAM’s performance in maximizing weighted sum rate is
slightly less effective than MMAA, because M2RBAM does
not fully exploit the potential of shared vRBs with the same
numerology. To alleviate resource waste, MMAA also fills in the
unallocated space of the frame by allocating more vRBs using
different numerologies. Thus, it can fairly satisfy more multicast
groups, as shown in Fig. 13(b) and (c). By contrast, SW only
considers the user with the best average channel state and may
allocate vRBs using different numerologies to the users, leading
to resource fragmentation and lower throughput. GL+IIA results
in a lower level of fairness, because of its greedy strategy that
maximizes the data rate of a small subset of groups, leading to
a PRB shortage for other groups.

In Fig. 13(d), (e), and (f), when more numerologies are avail-
able for the B5G usage scenario, the result of MMAA maintains
steady and exhibits a slightly upward trend. This is because
MMAA generates an expanded set of candidate solutions to
improve the weighted sum rate, and MMAA can find the best
candidate solution with an appropriate numerology by matching
each vRB to the multicast group with the maximum weighted
sum rate. The performance of MSEMA and IGA is poor since
they do not avoid INI when sharing the same PRB with different
users. As the number of numerologies grows, MHNO incurs
more severe resource fragmentation since it iteratively allocates
each PRB to the user with the best average channel state and does
not consider to concatenate PRBs. The performance of MSEMA

Fig. 13. Performance for a single B5G usage scenario.

is poor since MSEMA does not avoid INI when sharing the
same PRB with different users. As the number of numerologies
grows, SW incurs more severe resource fragmentation since it
iteratively allocates each PRB to the user with the best average
channel state and does not consider to concatenate PRBs. In
summary, MMAA improves the weighted sum rate by more
than 50% and satisfies three times more users compared to
the baselines. In Fig. 13(g) and (h), we vary the minimum
rate demands of multicast groups. The number of multicast
groups is fixed at 50. As the minimum rate demand grows,
multicast groups need more resource blocks to be satisfied,
leading to a decline in the satisfaction ratio. Although MMAA
and M2RBAM both include a phase to allocate more multicast
groups using different numerologies, MMAA precisely aligns
vRBs by dividing radio frames into vRBs using the same nu-
merology, allowing it to more easily satisfy a greater number of
multicast groups to increase the weighted sum rate. In contrast,
the alignment of vRBs in M2RBAM is less precise due to the
design of additional consideration for adjusting the multicast
subgrouping and BS association. M2RBAM first constructs a
zone to ensure a lower bound for satisfying each multicast group
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and improves the weighted sum rate of the allocated groups with-
out aligning their vRBs at first. This results in more fragmented
unused areas and a slightly lower satisfaction ratio compared to
MMAA.

VIII. CONCLUSION

For B5G multicast considering NOMA, NR, and multi-
connectivity, we formulate the M3DRAP to maximize the
weighted sum rate and prove its NP-hardness and inapproxima-
bility. To solve the problem, we design an approximation algo-
rithm, M2RBAM, by leveraging the notions of MINR, LD, SN,
and SP. To find the intrinsic properties of the M3DRAP, we also
propose another approximation algorithm, MMAA, to find a bet-
ter solution for a single B5G usage scenario. Simulation results
show that M2RBAM outperforms state-of-the-art algorithms in
terms of throughput, fairness, and satisfaction ratio. In future
work, we plan to study PRB allocation in space-air-ground inte-
grated networks that integrate satellite systems, aerial networks,
and terrestrial communications to provide ubiquitous coverage,
and the complex interference between these networks needs to be
considered.
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